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Can Local Learning Match Self-Supervised Backpropagation?
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Abstract

While end-to-end self-supervised learning with
backpropagation (global BP-SSL) has become
central for training modern Al systems, theories
of local self-supervised learning (local-SSL) have
struggled to build functional representations in
deep neural networks. To establish a link between
global and local rules, we first develop a theory
for deep linear networks: we identify conditions
for local-SSL algorithms (like Forward-forward
or CLAPP) to implement exactly the same weight
update as a global BP-SSL. Starting from the the-
oretical insights, we then develop novel variants
of local-SSL algorithms to approximate global
BP-SSL in deep non-linear convolutional neural
networks. Variants that improve the similarity be-
tween gradient updates of local-SSL with those of
global BP-SSL also show better performance on
image datasets (CIFAR-10, STL-10, and Tiny Im-
ageNet). The best local-SSL rule with the CLAPP
loss function matches the performance of a com-
parable global BP-SSL with InfoNCE or CPC-like
loss functions, and improves upon state-of-the-art
for local SSL on these benchmarks.

1. Introduction

As a model of brain plasticity, Backpropagation (BP) poses
multiple problems (Crick, 1989; Lillicrap et al., 2020;
Richards et al., 2019; Lillicrap et al., 2020). Whereas the for-
ward pass of the BP algorithm might be an acceptable model
of rapid biological neural computations (Yamins et al., 2014;
Schrimpf et al., 2018), the backward pass requires a struc-
tured feedback machinery that is absent in biological net-
works (Figure 1 A). Biologically, learning is likely imple-
mented by connectivity changes controlled by a Hebb rule,
loosely paraphrased as “neurons that fire together wire to-
gether” (Hebb, 1949; Shatz, 1992). While many classic
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experiments confirmed the Hebbian paradigm (Lomo, 1966;
Castellucci et al., 1970; Bi & Poo, 2001; Caporale & Dan,
2008; Markram et al., 2011), the modern view emphasizes
that Hebbian learning also depends on neuromodulators
(Lisman et al., 2011; Yagishita et al., 2014; Bittner et al.,
2017; He et al., 2015) that could signal predictions, expecta-
tions, reward, or novelty (Schultz et al., 1997; Gerstner et al.,
2018). In parallel, in the modeling community, there has
been a shift from Hebbian models (Oja, 1982; Barlow, 1989;
Miller et al., 1989; Hyvarinen & Oja, 1998) to more general
local learning rules in which Hebbian plasticity is influenced
by neuromodulation or predictive mechanisms (Williams,
1992; Foldiak, 1991; Rao & Ballard, 1999; Wiskott & Se-
jnowski, 2002; Whittington & Bogacz, 2017; Gerstner et al.,
2018; Bredenberg et al., 2021; 2023). However, in practice,
none of these local algorithms has worked as well as global
BP in training deep neural networks (Bartunov et al., 2018;
Lillicrap et al., 2020).

To train deep networks in a supervised setup with labeled
data, local learning algorithms have been proposed (Roelf-
sema & van Ooyen, 2005; Lee et al., 2015; Lillicrap et al.,
2016; Sacramento et al., 2018; Akrout et al., 2019; Meule-
mans et al., 2022; Song et al., 2024; Salvatori et al., 2024).
They can approximate BP in theory (Scellier & Bengio,
2017; Whittington & Bogacz, 2017) and approach its per-
formance on benchmarks (Akrout et al., 2019; Launay et al.,
2020; Ernoult et al., 2022). However, for self-supervised
learning without labeled data, the performance gap is larger,
and we miss a theory to relate local-SSL algorithms with
global representation learning principles. Existing partially-
local learning rules for self-supervised learning cut the back-
ward flow into blocks and gradient propagation is stopped
outside of the block (Lowe et al., 2019; Kappel et al., 2023).
Each network block has one self-supervised InfoNCE loss
as used in Contrastive Predictive Coding (CPC) (van den
Oord et al., 2019), SimCLR (Chen et al., 2020) or CLIP
(Radford et al., 2021). In the extreme case of a “single layer
per block”, this approach yields local self-supervised learn-
ing (local-SSL) algorithms, which we see as completely
local and BP free. This construction yields currently the
best-performing local unsupervised learning algorithms, and
in some cases the weight update could also be interpreted
as Hebbian rule variants (Illing et al., 2021; Halvagal &
Zenke, 2023; Chen et al., 2025). The three major types of
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local-SSL algorithms are: contrastive local and predictive
plasticity rules (CLAPP) (Illing et al., 2021; Delrocq et al.,
2024), Forward-forward algorithm variants (Hinton, 2022;
Momeni et al., 2023; Chen et al., 2025), and non-contrastive
methods like LPL (Halvagal & Zenke, 2023). Variations
of such local-SSL algorithms enable representation learn-
ing in cost-efficient or energy-efficient physical computing
systems (Momeni et al., 2023; Weilenmann et al., 2024)
and digital event-based hardware (Graf et al., 2024; Su &
Indiveri, 2025).

Building upon existing local-SSL algorithms (Illing et al.,
2021; Hinton, 2022; Halvagal & Zenke, 2023; Zhu et al.,
2025; Chen et al., 2025), we ask two questions: (1) Can
we find a theoretical foundation for local-SSL algorithms?
(2) Can we reduce the existing performance gap between
local-SSL and global BP-SSL? Our main contributions are:

e Theory: For deep linear networks with orthonormal
weight matrices, we prove that local-SSL implements
updates identical to those of global BP-SSL, under the
conditions in Theorem 3.1.

* Theory: If the orthonormality condition is broken by
a shrinking number of neurons for higher layers, we
show both theoretically and numerically that adding
direct feedback from the last layer makes local-SSL
updates more similar to global BP-SSL.

* Simulation: In convolutional neural networks, theory
indicates that feedback weights should have a struc-
tured 2D spatial dependence. Numerically, we show
that adding such dependence in local-SSL improves its
similarity with global BP-SSL.

* Performance on standard data sets: Our theory driven
variations of local-SSL (CLAPP++) improve the clas-
sification performance on CIFAR-10, STL-10, and
Tiny ImageNet (Figure 1D; Table 2). The performance
reaches that of a comparable global BP-SSL baseline
and sets a new state-of-the-art performance for local-
SSL on these datasets.

* Conceptual: The generality of our results arises from
a novel simplified notation that encompasses multiple
recent local-SSL algorithms.

2. State of the Art

Local approximation of supervised BP  Alternatives to
supervised BP can be classified into two categories. The first
category approximates or replaces the feedback network,
necessary for the backward pass (Figure 1A), by random or
trainable feedback weights (Lillicrap et al., 2016; Akrout
et al., 2019; Kunin et al., 2020), or by direct feedback from
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Figure 1. Overview of BP and local-SSL (A) To train the tar-
get synapse (blue), BP gradients need to be propagated down a
one-to-one matching error network (red) that is gated (green) by
the feedforward activations. (B): In Local-SSL, plasticity is mod-
ulated by predictive signals from same-layer lateral projections
(red arrow) and global scalar values (green). (C) We show that
local-SSL with feedback from the top layer better approximates BP.
(D) Notations for theoretical analysis: In Section 3, we compare
gradient updates of local-SSL and global BP-SSL. Both algorithms
share the same feedforward weight W' and projection B in the
last layer. Trainable projections B' are assumed to reach optimum
Bl instantaneously. (Details in Section 3). (E) Performance sum-
mary: On STL-10, our theory-guided improvements (orange bars)
improve local-SSL algorithms. More details in Section 4.

the top layer (Ngkland, 2016; Bellec et al., 2020; Lau-
nay et al., 2020; Meulemans et al., 2022; Srinivasan et al.,
2024). The second category uses bidirectionally connected

networks. This dynamical system converges to an equilib-
rium while the output units are simultaneously “free” and
then “nudged” or “clamped” to the target value (Lee et al.,
2015; Scellier & Bengio, 2017; Sacramento et al., 2018;
Whit-

tington & Bogacz, 2017; Ernoult et al., 2019; Laborieux
et al., 2021; Meulemans et al., 2022; Aceituno et al., 2023;

Salvatori et al., 2024; Max et al., 2024). A common finding

across both categories has been that a better approximation
of BP gradients also yields better performance. Below, we

apply this philosophy to the case of SSL.

In principle, some of the BP-approximating methods, like

equilibrium propagation or predictive coding, could be

adapted for arbitrary loss functions (Scellier et al., 2023; Sal-
vatori et al., 2024), including those of SSL. Yet, in our hands,
naive implementations of these theories did not achieve com-
petitive performance on SSL benchmarks (Appendix C and

Table 2), so we focus on existing local-SSL rules.
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Review of local self-supervised learning (local-SSL)

Self-supervised learning algorithms can be categorized

according to their loss functions as either contrastive
(e.g., CPC (van den Oord et al., 2019), SimiLR (Chen
et al.,, 2020), and CLIP (Radford et al., 2021)); non-
contrastive (e.g., Barlow Twins (Zbontar et al., 2021) and

VICReg (Bardes et al., 2022)); or masked input predic-
tion (Bengio et al., 2003; Mikolov et al., 2013). Here we

focus on contrastive learning, which is defined as a classifi-

cation problem between “’positive” and “negative” sample

pairs, where positive pairs are data augmentations of the

same data sample, and negative pairs come from different

data samples. In non-contrastive methods, negative pairs are

not used, but batched neuron activations are regularized to

maintain high variance and decorrelation in order to prevent

representational collapse.

The loss of local-SSL is defined per layer and gradients are
blocked at every layer (see Halvagal & Zenke (2023); Illing
et al. (2021)). For instance, CLAPP (Illing et al., 2021) and
LPL (Halvagal & Zenke, 2023) can be interpreted as layer-
wise contrastive (CPC) and non-contrastive (VICReg) SSL,
respectively. Importantly for computational neuroscience,
the update steps of both algorithms can be implemented
as an extension of Hebbian learning. So CLAPP and LPL
demonstrated that generalized Hebbian learning rules can
be stacked to generate hierarchical representations in multi-
layer convolutional neural networks.

The Forward-forward algorithm (Hinton, 2022) is another
example of a local contrastive learning algorithm for deep
neural networks. A positive sample is a real image from
the dataset. A negative sample is a fake image engi-
neered by mixing two different images; or an image
with an erroneous label. The Forward-forward algorithm
maximizes the squared norm of the activations for nega-
tive samples and minimizes it for positive samples (it re-
flects the increase of activity in the cortex after surprising
events (Homann et al., 2022)). The activations are there-
fore normalized before transmission to the next layer to
avoid having a trivial optimization in subsequent layers.
Forward-forward and a variation thereof (Papachristodoulou
et al., 2024) work on MNIST, but label information is used
for scaling to CIFAR10. Self-Contrastive Forward-forward
(SCFF) (Chen et al., 2025) enables full self-supervised train-
ing and sets the present state of the art for local-SSL on
image datasets (Chen et al., 2025). PhyLL (Momeni et al.,
2023) also adapts the local loss of Forward-forward for
training physical neural networks.

3. Local-SSL approximates global BP-SSL.

In this section, we first formalize the above contrastive local-
SSL methods using a common formalism that will facilitate
theoretical analysis.

Table 1 summarizes how the common formalism can be
applied to CLAPP, Forward-forward, PhyLL, and SCFF.
To define notations, we consider the case of a multi-layer
perceptron. Given an L-layer network, the activity in each
layer [ is defined as a real-valued vector 2! = p(a') where
p is the non-linear activation function and a! = W'z!~!
implements a linear transformation of activities from the
previous layer by multiplication with weight matrix W',

The input z of the neural network is given as: 2° = z.

In the context of contrastive algorithms, layerwise activities
corresponding to positive and negative input samples are

! !
denoted as z,, and 2,,. They are compared to reference

vectors céos and cfmg. (For a subset of algorithms, céos =
! !

Cheg)- The exact definitions of ¢, cfwg

one algorithm to another (Table 1).

are different from

The loss function of all local-SSL algorithms evaluates a

scalar score that should be high for zl, and low for z}.

U 1 Tt :
The scalar score for z, is defined as z,,, B¢y, With a
matrix B'; and analogously for z,l]eg. Once the two scores
have been evaluated, they are combined into a nonlinear

loss function £! for layer [ that takes one of two forms:
1 l L N\NT pl 1
L= f ((Zp()s - Zneg) B Cpos)

T T
ﬁl = f (Z}ljos Blc]lsos) + f (_Zrlleg Blcxl‘neg)

(type 1)
(type 2)

where f is a decreasing function. The matrix B is either
trainable in CLAPP-like algorithms or fixed to [ in Forward-
forward algorithms. Note the different locations of the
nonlinearity f when combining the positive and negative
score values. For both forms, the essential idea is to “push”
(in each layer!) the representation of positive and negative
inputs into different directions. Table 1 summarizes the
definitions of the function f for different algorithms.

3.1. Exact equivalence in deep linear networks

For all layerwise local-SSL algorithms, the absence of gra-
dient flow across layers implies that the weight updates in
earlier layers are not explicitly optimizing the SSL objective
of later layers. Indeed, optimizing all layers with backprop
using an SSL loss function in the last layer (global BP-SSL)
leads to better performance than local-SSL with the same
loss function applied separately in each layer (Illing et al.,
2021; Halvagal & Zenke, 2023) (performance is measured
as the accuracy of a downstream linear classifier). In this
theory section, we examine the mathematical relationship
between the gradient update of contrastive local-SSL and the
corresponding gradient update of global BP-SSL. We will
show for deep linear networks that the layerwise optimiza-
tion with local-SSL and backpropagation gradient update
with global BP-SSL are equal under certain conditions.

We consider a deep linear network and a loss function of
type 2, where f is convex with f/ < 0 (the theorems shown
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Table 1. Comparison of contrastive local-SSL rules. Choices of f, B!, cﬁleg, and ci,os for various local-SSL. The reference & ! for PhyLL
is a fixed vector randomly chosen for each layer, and o is the sigmoid function. In CLAPP, 2'! is the layer activity corresponding to a

different augmented copy of the same image that gives zf,o 5. The matrix W

predil i trained to minimize £'.

[ l Bl

LEARNING RULE Cheg  Chos NORMALIZATION ~ DECREASING FUNCTION f(z) LOSS TYPE
FORWARD-FORWARD 2.,  2zh,. I YES —z 2
PHYLL I3 £ I YES softplus(—) 1
SCFF z;eg zi,os I YES —logo(z —0) 2
CLAPP 2" 2t wpred! NO max(0,1 — z) 2

below are also valid with losses of type 1, with the same
proof technique). For the analytical proofs, we added the
Lo-regularizer using the Frobenius norm || - || p:

1T

)
L' = f(2pos B'chos) + f(—zhee B'cheg) +A|IBY|7 (D

The additional regularization enables us to consider a sep-
aration of timescales: if B' is trainable and evolves on a
faster timescale than W', it is always at the optimal value
with respect to the loss. Convexity ensures that the corre-
sponding loss £! = minp: £! is reached by a unique B..
Furthermore, we assume orthonormal weight matrices TW?,
i.e., square matrices such that, at the moment of gradient
update, the incoming weight vectors to all neurons in any
given layer [ are orthonormal. Then we prove the following
relationships between local-SSL and global BP-SSL. Train-
ing with global BP-SSL is formalized using the gradient of
the loss L at the last layer: L = £F and L, = £L. (To
simplify notations, we assume a batch size of one here, and
provide the proof for larger batches in Appendix A):

Theorem 3.1. We assume a deep linear network with or-
thonormal weight matrices W', | = 1,... L. Let’s con-
sider L' with Bl = T (e.g. forward-forward) or B! =
argming L! (e.g. CLAPP) and f convex. Then gradients
of a layer-wise loss L. are equal to the gradient of L,
backpropagated:

oLl OL,

local-SSL =
(local-S3L) ot = owr

(global BP-SSL) ~ (2)

Proof. Deriving the backpropagated gradient for the

&l
last layer loss we have: 88215; = [f(zks Blck,) -
(WE-..wHhTBEeL . For the local loss function, we
. oLl 1t TRl 1 :
have : o = F'(%pos BiCpos) - BiCpos- The gradients

with respect to the parameter are the sum of the outer prod-
uct of z!~1 and these gradients, as well as the opposite
contribution of the negative sample. We can prove the-
orem 3.1 by slhowing that those two gradients are equal
OL, act

, which is true if we have the equality

0z, 0z,
Bl = (WE...wHOYTBE(WE ... W!HL), In the case
B. = I, we simply observe that the products of matri-

ces are cancelling each other because the matrices are or-
thonormal. Otherwise, we use the strict convexity of Ll

with respect to B!, which implies that B is uniquely de-
fined. Then using the orthonormality of W', it means
that the norm of (WE...wWHH)TBL(WE...Wwith)
is the norm of BL.  Thus, we have L(BY) =
LWk whHO)TBEWE ... W) Therefore, if
we denote B the minimum of L, this equality im-
plies that the minimum of L' is reached for B. =
(WL WHO)TBEWE...witl), O

Comments: (i) If there are lateral connections B! # I as in
CLAPP, the proof requires B’ to be learnable and its search
space to be unconstrained to include B’ . (ii) Orthonormality
implies that all layers have an equal number of neurons. (iii)
Linear networks are redundant: if an optimum (gIB"; =0)is
possible in layer L, the same optimum is also reachable in
layer [ < L by optimizing B'. The theorem does not carry

over to nonlinear networks.

To verify Theorem 3.1 numerically, we implement a 6-layer
linear neural network of 128 neurons per layer with feedfor-
ward weights {W,}}_, initialized as orthonormal matrices.
We compute B by numerically minimizing the loss £ for
all layers on a fixed batch of MNIST input samples (Details
in Appendix B). Our simulation confirms that the gradient
step of local-SSL and global BP-SSL are numerically iden-
tical (Figure 2 green line, achieving the maximum cosine
similarity of one). To study the importance of the different
conditions used in the theorem, we remove one condition at
a time: (i) fixed random B’ removes learnability of B. (We
also show the effect of adding low-rank constraints to B’ in
Figure A1); (ii) non-orthogonal W removes orthonormality
of weight matrices; (iii) ReLU MLP removes linearity. We
also study the case of dropping orthonormality and linear-
ity at the same time. As expected, the gradient alignment
drops as more conditions are removed, and the drop is more
significant for earlier layers ( Figure 2).

Theorem 3.1 is applicable to CLAPP in linear networks,
but we have not been able to extend Theorem 3.1 to linear
networks that include normalization of layer-activities as
required for FF algorithms. Consequently, we focus our
subsequent analysis on CLAPP-like (Illing et al., 2021; Del-
rocq et al., 2024) algorithms, which are normalization-free
and feature a learnable matrix B'. However, our analysis re-
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mains valid for any type 1 or type 2 local-SSL loss function,
as long as there is a trainable B’ and no normalization.

2 1.04
% 4= With all assumptions (Theorem 1)
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Figure 2. Numerical verification of Theorem 3.1. Cosine similar-
ity of the gradient update between BP-SSL training and local-SSL
rules across layers (error bar indicating 95% confidence interval
computed through different batches of input). Simulations are
for theorem 3.1 as well as the cases when conditions are dropped.
Random fixed B means that the B’ are not optimized to be BL.
ReLU MLP means adding ReLU activation at each layer. Non-
orthogonal W means that each W' is randomly initialized with the
default uniform distribution in PyTorch.

3.2. Direct feedback in layerwise loss

One strong implication of the orthonormality in Theorem
3.1 is that the number of neurons has to be constant across
layers. When the network has a number of neurons that
reduces across layers, we now show that a modified local-
SSL algorithm, where the reference is defined using the last
layer ¢! = 2’ (Figure 1, C), approximates global BP-SSL
better than the classic local-SSL algorithm, where ¢! = 2'%.
Here, CLAPP-like algorithms share the same reference for
positive and negative samples: .., = c,,, = c¢'. We
refer to this algorithm as a local-SSL algorithm with direct
feedback (local-SSL DFB) and define it as the gradient

update of the loss Lk :

£h = b with ¢ = 2'F (3)
Since ¢! is considered as constant with respect to W', the
proof of Theorem 3.1 is valid under the same assumptions.

So when the layer dimension is still constant across layers,
we obtain the same result as previously:

Corollary 3.2. For a deep linear network with orthonormal
weights W', gradients of a local-SSL with direct feedback
are equal to the BP-SSL gradients of L,

aﬁé‘b,* o aL*

local-SSL DFB -
(foca ) oWl T owt

(global BP-SSL) (4)

More interestingly, we now consider a deep network where
the number of neurons reduces at each layer. We assume a

deep linear network with semi-orthonormal matrices (mean-
ing that W' € R™ *"' m! < nl and W has orthonormal
row vectors). Then Theorem 3.1 and Corollary 3.2 are not
valid anymore. But when f is a linear function, we can
prove that local-SSL DFB aligns better with global BP-SSL
updates than the standard local-SSL:

Theorem 3.3. Let’s consider a deep linear network with
semi-orthonormal weights W' and assume that f is a linear
function. Then, assuming batch size one, in comparison
to the gradient of global BP-SSL, a local-SSL with direct
feedback ( ct = zL) is more similar than the standard local-
SSL (¢t = 2):

2 2

a‘ci,fb aL*
ow' oW

F

oLL L.
oWt~ oWt

F

The proof is written in the Appendix A.

As previously, we verified the Theorem 3.3 with numerical
simulations. We implement a deep linear network where the
dimensionality decreases by half in each layer (from 128
to 4). As shown in Figure 3 (A), when f is linear, the gra-
dient alignment between local-SSL and BP-SSL gradients
increases with the introduction of direct feedback. Although
the proof only addresses the sum of squared difference for
batch size one, the simulation extends to the cosine simi-
larity of the gradient updates for larger batches. We also
observe the same trend when f is a softplus function, which
is no longer linear but is still a decreasing convex function.

To measure the similarity with the BP-SSL gradients in a
more realistic setting, we drop all conditions considered
before: we train a 6-layer ReLU MLP with standard ini-
tialization for W' on the MNIST dataset and use batched
inputs. Additionally, B! is optimized by gradient descent
of local objective L} at each iteration, so it does not reach
the optimum B! for each input. Then, we evaluate the
cosine similarities with BP-SSL updates on held-out data
(Details in Appendix B). Even in this more realistic setting,
local-SSL DFB demonstrates a better approximation to BP
updates (orange line in Figure 3, B). As a control, we also
train local-SSL with randomly initialized and fixed B' to
confirm that training B! is important for approximating BP
updates (grey line in Figure 3, B).

Local-SSL DFB is close to optimal in ReLU MLP  Since
it is impossible to exactly match BP with a single feedback
matrix B! in deep non-linear networks, we also define a
theoretical upper bound for BP approximation, which is
given by an “optimal local-SSL” gradient A,. A, is defined
as a weight update that has the same form as a local-SSL
gradient, but the feedback weights are explicitly optimized
to match the BP-SSL gradients by definition 3.4. Although
it is possible to make measurements and evaluate A, for
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Figure 3. Numerical verification that direct feedback improves backpropagation approximation. Cosine similarity of the gradient
update between local-SSL and BP-SSL across layers. A: Simulation for theorem 3.3 on a 6-layer deep linear network with shrinking

widths, both for linear f(z) = —z and non-linear (softplus) f(z) =

log(1 + exp(—

z)). B: Comparison of local-SSL and theoretical

optimum of BP approximation. Simulations are conducted on a 6-layer ReLU MLP trained with MNIST input. Gray: top-down feedback
projection B is fixed with random initialization. Purple: train top-down feedback explicitly with definition 3.4.

our analysis, its computation requires BP in practice, so it
cannot be local. We only use this mathematical construction
to evaluate an upper bound of the cosine similarity that is
achievable between BP-SSL and local-SSL gradients.

Definition 3.4. We define the theoretical optimum of local-

SSL update A, as the weight update A, = gf‘j‘; (B!) where
B! is not trained to minimize £! but to minimize directly
the mean squared error with the gradient of global BP-SSL.

oL 1y _ 9L,
H P B 02!

2
averaged over the dataset.
F

To perform a numerical comparison between local-SSL and
this theoretical upper bound, we train the ReLU MLP with
the ideal A, update and then compute the cosine similar-
ity between the local update (local-SSL update with DFB
or A,) and the BP gradients on held-out data (Details in
Appendix B). The narrow margin between local-SSL DFB
(orange) and the upper bound (purple) suggests that our
local-SSL is closing the gap with this optimal local algo-
rithm. It is non-trivial that local-SSL algorithms would
approach close to this upper bound because B’ minimizes
£ and not directly the similarity with the BP-SSL gradient.

3.3. Spatially dependent local-SSL for convnets

Beyond ReLU MLP, we intend to design a local-SSL al-
gorithm that is competitive with CLAPP and SCFF with
convnet architectures. We follow the same approach and
seek algorithmic modifications that would improve the gra-
dient approximation of BP-SSL in the convnet architecture.
We explain below how we found that adding spatial structure
to the loss £! was important in our case.

In convnets, z! are 2D feature maps and the feedforward
matrix product W'z!~1 is replaced with a 2D convolution
W 2=, To compute the value 2 ' Blc! in local objectives
L', Tlling et al. (2021) first average the feature 2!, ¢! over all

spatial locations. However, it means that Blis independent
of the 2D spatial locations of the feature map z' and ¢,
leading to a constrained search space of B'.

We construct instead a linear operator B! that reflects the
structured 2D spatial dependence of the BP-SSL gradient.
BP errors from the last layer are propagated through the
successive backward operators of the convolution W x z!—1
and non-linearities. This results in a BP-SSL gradient that
is spatially dependent, with different gradients for different
spatial locations of the feature maps. Following this intu-
ition, we use different B! depending on the spatial locations
of 2! and ¢! in each feature map (Figure 4, A), and nearby
features share the same B! to reduce the memory cost. On
a 4-layer linear convnet, we simulate the effect of using
spatially independent and spatially dependent projection B’
(Details in Appendix B). We found that introducing spatial
dependence improves the alignment with BP-SSL gradients
(Figure 4, B). Using spatially dependent feedback from the
last layer further improves the gradient alignment.

4. Empirical results

Although our analysis shows that local-SSL is almost the
ideal approximation of BP-SSL update, the gap in cosine
similarity in early layers may appear substantial. The deci-
sive test is to measure whether local-SSL matches the func-
tional performance of global BP-SSL pre-training. We train
the same convolutional networks as Illing et al. (2021). The
network is first pre-trained using different learning rules. To
measure the quality of the learned representation, we freeze
the network and report the accuracy of a supervised linear
classifier (detail in Appendix B).

Before studying the changes of the algorithm guided by our
theory, we build a baseline upon the original CLAPP (Illing
et al., 2021). We made two notable modifications from the
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Figure 4. Numerical verification that spatial dependence improves BP approximation. (A): Illustration of spatial dependence: without
spatial dependence (left), the same B is used to lproject ¢! (blue) onto neurons across the feature map, so they share the same color; with

spatial dependence (right), lateral projections B

depend on the locations (1, 1) and (2, y2), of z' and ¢’ in their layer’s feature map.

Only nearby neurons with the same color share the same projection B'. (B) and (C): Cosine similarity of the gradient update between
BP-SSL and local-SSL across layers. For B, values are obtained from 4-layer linear convenets with optimal B.. Kernel and stride have
length 2 for simplicity. For C, values are obtained from VGG models trained on STL10. Purple: theoretical optimal update A, obtained
from training following the definition 3.4. (Details in Appendix B). The plotted measurements are performed after 100 epochs of training.

original CLAPP. First, we used the data augmentations in
SimCLR (Chen et al., 2020) rather than non-overlapping
image patches to create contrastive samples. Second, after
self-supervised training, we read-out concatenated represen-
tations from multiple layers to train the linear classifier.

Spatial dependence Then, we add spatial dependence
to the projection B', based on the analysis in the previous
section. We call this new learning rule as CLAPP++, as
it uses the same objective function as CLAPP. Consistent
with our theory and simulation in linear networks, we find
that the usage of spatial dependence makes the gradient of
the local-SSL more similar to the BP-SSL learning algo-
rithm during training of non-linear convnets (Figure 4, C).
Ablation studies of CLAPP++ demonstrate that the most sig-
nificant performance improvements on CIFAR10, STL10,
and TinyImageNet originate from the introduction of spatial
dependence (Table 2, Figure 5).

Direct feedback Next, we introduce direct top-down feed-
back and train a model CLAPP++DFB, which is imple-
mented by defining reference input from the final layer
¢t = 2L, Similar to our results on ReLU MLP, the align-
ment between CLAPP++DFB gradient and BP gradient
further increases, and the gradient of CLAPP++DFB is
also close to the ‘optimal’ gradient approximation obtained
by explicitly training the feedback with the update in def-
inition 3.4 (Figure 4, purple line). The improvements in
gradient alignment is also consistent throughout different
stages of training (Figure A2). Across the three datasets,
CLAPP++DFB appears to provide a small but consistent
improvement of performance (Figure 5, Table 2). We also
train a model CLAPP++both, in which we optimize the sum
of two losses Lk, + £ at each layer. This model achieves

the best performance across all datasets (Table 2).

——- BP-CLAPP++
=0 79.387°°

74.51 ol

~
ul

73.29

~
o

Accuracy (%)

68.21

65

60
- trainable B CLAPP + Read out + Extra + 2D spatial
ling21 alllayers ~ augmentation dependence

+ Direct
feedback

Figure 5. Comparison between CLAPP (Illing et al., 2021) and
CLAPP++. Orange bars are theory guided algorithmic changes.

Local-SSL SOTA As summarized in Table 2, we com-
pared our results to the layer-wise SSL algorithms that we
could find in the 1 iterature. Previously, the best perform-
ing local-SSL algorithm was Self-Contrastive Forward For-
ward (SCFF). All our CLAPP++ variants with theoretically
guided spatial dependence reach a higher accuracy on all
three datasets. So it appears that CLAPP++ is therefore the
current state-of-the-art of local-SSL algorithms.

Local-SSL reaches the performance of BP-SSL. Reach-
ing the performance of backpropagation has been
admirably hard with local supervised learning rules (Akrout
et al.,, 2019; Launay et al., 2020), and it was also never
achieved in SSL setups. For our CLAPP++ variants with
spatial depen-dence (CLAPP++, CLAPP++DFB, CLAPP+
+both), we find that local-SSL brings downstream
classification accuracies close to the performance of BP-
SSL. The most comparable
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Table 2. Local-SSL achieves the performance of SSL-BP. Different local-SSL rules tested on various image classification benchmarks.
The BP-SSL references are named BP-CLAPP++ when the same loss and network of CLAPP++ is used, but the gradients are propagated
end-to-end by BP. In BP-InfoNCE, we replaced the CLAPP++ loss with the InfoNCE loss (van den Oord et al., 2019; Chen et al., 2020).
Naive CLAPP DFA/Predictive Coding are the performance of using DFA (Ngkland, 2016) and Predictive Coding (Salvatori et al., 2024)
to train the last layer objective L of CLAPP. When the citation is not provided, the results are produced from our own simulations on the
same VGG convnet setup. Values after & are the 95% confidence interval computed from 4 simulations of different random seeds.

Local CIFARI10 STL-10 Tiny-ImageNet
Method update accuracy accuracy accuracy
BP-CLAPP++ no 80.49+£0.20 80.36 £0.26  37.55 £ 0.61
BP-InfoNCE no 80.69 +0.84 81.97 +£1.23 36.78 £0.73
Naive CLAPP DFA yes - 52.30 -
Naive CLAPP Predictive Coding yes - 36.75 -
CLAPP (Illing et al., 2021) yes - 73.6 -
LPL (Halvagal & Zenke, 2023) yes 59.4 63.2 -
Stochastic FF (Zhu et al., 2025) yes 76.96 - -
SCFF (Chen et al., 2025) yes 80.60 77.14 35.67
CLAPP++ (no 2D spatial dependence) yes 73.21 75.10 28.18
CLAPP++ yes 80.51 £0.27 78.66 £0.16  36.63 £0.32
CLAPP++DFB yes 80.65+0.18 79.38+0.17 36.70 £0.24
CLAPP++both yes 81.18 £ 0.18 79.62+0.28  37.78 £+ 0.67

BP-SSL baseline is BP-CLAPP++, for which we optimized
the CLAPP++ loss function of the last layer end-to-end with
BP (BP-CLAPP++ in Figure 5, Table 2). To further show
that this achievement is not trivially caused by the limita-
tion of the SSL loss used by CLAPP++, we also train the
InfoNCE loss, used in CPC and SimCLR (van den Oord
et al., 2019; Chen et al., 2020). As shown in Table 2, the
performance is also similar to our local CLAPP++ algo-
rithm. Note that our BP-InfoNCE baseline is not however
the state-of-the art of global BP-SSL. It uses linear projec-
tion heads and the same VGG architecture as CLAPP++.
Better performance is expected with non-linear projection
heads and ResNet architecture (Chen et al., 2020).

5. Discussion

The central theoretical contribution is to show that some
local-SSL algorithms can implement exactly BP-SSL in
deep linear networks. This theoretical finding has guided
our improvements of local-SSL algorithms to increase the
similarity with BP-SSL and the algorithm performance.

So far, we have not exploited the resource efficiency of
local-SSL. Besides the potential with custom hardware (Su
& Indiveri, 2025; Momeni et al., 2023), CLAPP++DFB has
a straightforward advantage over BP and CLAPP: instead of
storing the activation or the context vector ¢’ at every layer.
CLAPP++DFB requires a single context vector z” for the
whole network which reduces the memory footprint. We
leave a deeper analysis to future work.

Biological plausibility of CLAPP++ Local learning rules
like CLAPP (Illing et al., 2021) and LPL (Halvagal &

Zenke, 2023) were intended to model plasticity in the brain.
For CLAPP, the bio-plausibility argument comes from the
Hebbian-like weight update. For the matrix B the up-
date is a classical hebbian rule AB;- e =" zj - ¢l where
vt € {—1,0,1} is reminiscent of the effect of neuromodula-
tors. The update of the feedforward weight W has a more
important role with CLAPP: the plasticity is additionally
gated by the contextual activity ¢! and can be interpreted as
the apical dendritic input that is thought to gate plasticity
(Larkum et al., 1999; Bittner et al., 2017; Illing et al., 2021):

1 t 11 701 -1
AW}, = ~y (B'¢');  -p'(a)z . (6)

—— —

neuromodulator  dendritic prediction  hebbian term

In CLAPP++, this interpretation is not compromised, and it
even elucidates a question that remained in CLAPP. Apical
dendrites in the cortex are thought to integrate inputs from
distant higher brain areas (Harris & Shepherd, 2015; Gilbert
& Li, 2013; Marques et al., 2018; Keller et al., 2020; Nejad
et al., 2025). Recent in vitro studies confirmed that apical
dendrites modulate the synaptic plasticity in basal dendrites
(Aceituno et al., 2024). As illustrated in Figure 1 C, this is
better captured with CLAPP++DFB, where the learning sig-
nal comes from the top layer while the dendritic prediction
B'c! comes from nearby neurons in CLAPP. Similarly, our
2D spatial dependence model may explain some of the struc-
tured connectivity visible across the visual cortex (Harris
et al., 2019).

More generally, our study shows that the gradient of global
SSL principles can be well approximated by local biologi-
cally plausible learning rules. Thereby, it lifts the require-
ment for the contested machinery of backpropagation to
implement efficient gradient based representation learning.
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A. Proof
A.1. Proof of batched theorem 3.1 with batched loss function

Consider the loss of type 2 with batched input 553 and L-2 regularization:

= > 7 (et Blemt) + f (2t Blent) 4 B,
neB

‘We show as in the Theorem 3.1 that a%l = 8Wl but now each loss has a batch dimension. The core of the proof is
ij ©j
identical to the batch one version described in the main text because we assume that there is no interdependencies across

batch dimensions.

Proof. Deriving the back propagated gradient for the last layer loss we have: ;% = f ((zpos YT BLew Ly .
Wl . WHHTBEeL  For the local loss function we have : az:}l = F'((zhes TBl e . Bletl The gradients
* ozh; po * g

with respect to the parameter are the sum of the outer product of 2! and these gradlents scaled by local derivatives, and the

. I . dL, oLk oz, oLk oznl, .
opposite contribution of the negative sample. Because Wi = Z ( St oo + ot s -+, the difference between
pos,i pos,j neg,i neg,j
local-SSL gradients and BP gradients would only appears in the partial derivative of loss L, with respect to layer activations.
1
Therefore, we can prove batched theorem 3.1 by showing that those two gradients are equal 881;*[ = adﬁ +~, which is true if

we have the equality B, = (W% .. . W!HHTBE(WL ... WiHL), We could repeat the same method as the one in the proof
for batch 1. In the case B. = I, we simply observe that products of matrices are cancelling each other because the matrices
are orthonormal. Otherwise, we use the strict convexity of £! with respect to B!, which implies that B is uniquely defined.
Then using the orthonormality of W, it means that the norm of (WL ... Wi*+H)T BE(WL ... W+1) is the norm of B,
therefore we have £L(BL) = £ (WE ... W) TBE(WE ... W!TL)). Therefore if we denote BZ the minimum of £,
this equality implied that the minimum of £' is reached for B, = (W .. Wi+ T BL(WE ... (yi+1, O

A.2. Proof of theorem 3.3

Our goal is to show that the local-SSL gradients are closer to the BP-SSL gradient when we use the direct feedback. To
avoid ambiguity in the context of the following proof we use the matrix B’ to refer to matrix of the local-SSL £!(B!) and
D! to refer to the local-SSL DFB L!(D'). For all layers [ < L, D! is typically a rectangular matrix while B’ is a square
matrix. Given our notation the loss at the top layer is identical in both, and it is equal to the loss used with BP-SSL, so we
have by definition: L, = £LL = Lf’ #p- And we seek to show that:

oWl oWl o

oLt oL,
H @)

oWl owl|, =

| ’

Proof. We denote R = WEWL=1 Wi+l The dimensionality of each matrix W' is n'*! x n! and n'*! < n!. The
reduced dimensionality forces the last layer activity to compute scores in a low-dimensional space. We show that the
null-space of R' leads to difference between layerwise and end-to-end gradient.

We do singular value decomposition of R' = USV™. Here S is a n’-by-n!*! matrix with first n* dimensions being
identity matrix I,, and zeros elsewhere. Then, we could rewrite it also as U S VlT with S; being I, and V; being the first
nL columns of V. So, we have R = U V}T. In addition, we denote VQ)T the remaining columns of V.

We do a change of variable B! = VBV and examine the layerwise loss with a single input: (for simplicity, we denote
At =2l — 2l )
neg pos

LY = ming(AHYTVBVT + )| B|[%

*

We could rewrite V' as [V} V] and B as [Bl B } with By, By having n” rows and By, B3 having n” columns. Plug it

Bs B
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into the loss:
B, By] [V -
. 1 2
£ = ming, p (07 [ 52| ([ 03 15,
j=

4
= ming, g, (A" (ViBIV" + ViBoVy + VyBsV" + Vi BaVi )l + A |1B [

j=1

If we isolate all the terms depending on By, we show that this part is equivalent to BP loss L. By using a change of variable
W =UBUT:

L. p, = ming, ) (A)ViB1V[ ¢ + \|Bil[%
I
= ming, (AT VUTWUV 4 MW |%
= ming, (A2Y)TRIWR' 4+ \|W||%
= ming, (A5 T Wk + \|W|% = £L = L.

Therefore, the difference between £fk and L, are the By, B3, B, terms:

4
L, — L, = ming, p, (A" (ViBVy + VyBsVi" + VyBaVy ) + X 1IB; 1%

=2

Similarly, we apply the same methods to identify the difference between Eiy 1 and L. To better differentiate the Blin £!
and Elfb, we use D! to denote the rectangular matrix in Elfb. The definition for Li’ fp 1s then:

L 5, =minp (AZ)T D" + \[|DY|3

We again perform the change of variable D! = VD:

,Ci,fb = minp(A2)TVDeE + )| D)%

2
. D
— ming, oo ST ] | ] ¢ + A D11
j=1

14

2
= minp,,p,(A2")T(ViDy + VyDa)c" + XY " ||D;l[%
j=1

= L. + minp, (Az)TVyDaocl 4 N||Dy||%

Here, the equality of L, = minp, (Az')"VyDyc" 4 A|| D13 can be obtained from following the same proof of £ 5 = L,
and a change of variable Dy = U TW.

For the other term, we do change of variable Dy = ﬁ3 U7, then:
L. g, — LY =minp, (AZ)TVyDsUT R'¢ + X||Ds] |3
= minp, (Az)"VyDsVi"¢! + A|| Ds][%

Notice these are the same as parts with B3 in layerwise difference £. — L,. So there is the additional term with By and By:

Ll —L.=L. s — L. + ming, p,(Az")"(ViBo V' + ViBaVy ) + A(||Bal[7 + || Bal| )
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This additional deviation in loss leads to additional deviation in gradient.

By definition of B, 2 and B, 4 of when computing the difference of gradient with respect to !, we obtain the two gradients

deviations for £. and Eiﬂ #p respectively: (for simplicity, we denote Azil=1 = z#egl - z{fosl 1)
a‘ci b aL* _
G~ gt = VeDwaVi (AT
oLl oL, T TN L( A JA—1\T aﬁi,fb IL.
gt~ gwt ~ VB2V F VBV )e (BT T = G

In the following proof, we want to show that the two extra terms make the gradient deviate more instead of cancelling the
deviation from L] b

L . orl
To begin with, we prove that the first extra term V; B, Q%T HAaZ=NT s orthogonal to the rest. Note that —74" gII;V, isin
the form of Vi multiplied with other matrices, so each column vector of av*V{ b — S‘E‘[;,, is in the column space of Vj (i.e., the

subspace spanned by the column vectors of Vj. The statement is also true for the second extra term: Vj B, 4 V@Tcl (AZ-HT,
In contrast the first extra term VlB*,ngTcl (Az'=1)T is in the column space of V;, which is orthogonal to the column space
of V5. Then:

2

act oL, | L, ;,  OL, T I A J—INT 2
* = ’ AV (AT 4 ||ViBa 2V (AZHT

|55 - d]. - |t - o -+ 2

2

*,fb T 1 I—1I\T
H ow! an waVp (827
F
l
Next, we show that Vy B, 4V ¢!(Az!~1)T does not cancel the deviation from 8(,5;‘;{ b 8Wl To do so, we first compute

analytically the expression for B, 4. Since function Vy B,V ¢! (Az' )T + A || Ba||3, is strictly convex, globally minimal
B, 4 is reached when the expression is at critical point (zero derivative):

8% (AEH"VyBaV e+ A ||B4||§7 ) = 0 when evaluated at B, 4
4
¢>O:V5A£(Wﬁ@+2ﬂﬁA
_ T
= B*74— 2)\‘/ AZ( ) V@
Following the same process, we can obtain D, 3 = — 55 VT Azl () TV,

Substituting the analytical expression of B, 4 and D, 3 into deviations of gradients, we could derive:

2
2 a.ci,fb oLk

e T

Y

Haci oLk

an _ an +%B 4vTCl(Azl—l)T

F

— [[Vi D s VT (AT + VyBoa Vi (A T|12
2

= || - o A VT ViV atT

F
2
= |- AV + e AT
2
> |- AL (@t -
P [lock oLk
= |-y eV AT MV (AT . ‘ o o .
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B. Training details

Simulation for deep linear networks For Figure 2 and Figure 3 A, we simulate a 6 layer deep linear network. For Figure
2, each layer has 128 neurons for figure 3.1. For figure 3 A, layer widths reduces by half in each layer (from 128 to 4). We
took 1024 MNIST samples and split them into 32 batches. For each batched input, images go through only simple data
augmentations of cropping a 14x14 patch from the image. Patches from the same image are used as positive samples. We
use type 2 loss with softplus f(z) = log(1 4 exp(—=x)) because it is smooth, but the result would hold for other decreasing
convex f. The regularization coefficient is A = 0.01. To compute B, we first use one forward pass to obtain 2! and c'.
Then, we use the LBFGS optimizer to find the minimum B.. Afterwards, we compute the gradients using B..

For linear CNN (figure 3 B), we use 4 layers of convolutional networks, each layer with 32 channels. The kernel sizes
and strides are 2. MNIST inputs are randomly cropped into 16x16 patches. Patches from the same image are used as
positive samples. We use the same type 2 loss with softplus, with regularization A = 0.02. When we train the model with
spatial dependence, 2, ¢! features in the local 2x2 patches share the same B! in the first layer, but no features share B! in
subsequent layers (full 2D spatial dependence). This is effectively implemented by performing local 2 x 2 local average
pooling for z! and ¢!, and flattening 2!, ¢! in other layers.

Simulation for optimum similarity with BP update (Figure 3, B) We simulate a 6 layer ReLU MLP with 512 neurons
in each layer. The training dataset in MNIST is used to train the network. For each batched input, images go through
only simple data augmentations of cropping a 14x14 patch from the image. We use again type 2 loss with softplus
f(x) = log(1 + exp(—x)). The batch size is 32, and we use Adam optimizer with a learning rate is 5 x 10~°. Each model
is trained for 20 epochs with different versions of local-SSL algorithms. Following training, each model use the test dataset
of MNIST to evaluate cosine similarity of its gradient updates to the BP updates. For the theoretical optimum, we just
L) - %]

change the update rule of B! to the gradient descent of loss 5 P

For Table 2, on CIFAR10, STL10, and TinyImageNet We follow the training setup and procedure of Illing et al. (2021).
We use the STL-10 dataset (Coates et al., 2011), which is a dataset designed for unsupervised learning. It contains 100,000
unlabeled images from 10 classes. It also contains 500 labeled training images and 800 test images for each class. We
first train the neural network model (Table A1) on the unlabeled images using the self-supervised losses. Then, we freeze
the pretrained neural network, and then train a linear classifier using the representations of labeled training images. The
decoding accuracy performance is computed by evaluating the decoder on representations of the test images.

Table Al. Network Architecture

# of trainable layer layer type

1 3x3 conv128, ReLU

2 3x3 conv256, ReLU
2x2 MaxPool

3 3x3 conv256, ReLU

4 3x3 conv512, ReLU
2x2 MaxPool

5 3x3 conv1024, ReLU
2x2 MaxPool

6 3x3 conv1024, ReLU
2x2 MaxPool

To create positive or negative samples, each image undergoes the data augmentations as in SIimCLR (Chen et al., 2020).
Specifically, we use the torchvision.transforms in PyTorch to perform the following augmentations: RandomResizeCrop,
RandomHorizontalFlip, random ColorlJitter, RandomGrayScale, random GaussianBlur.
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For introducing 2D spatial dependence, we let features within the local n x n (size in Table A2) patches to share B'. This is
effectively implemented by performing local average pooling depending on the layer and the image dataset.

Table A2. Size of patches sharing B! at different layers (L1-L6) for computing the loss

Dataset ‘ Image Size ‘ L1 L2 L3 L4 L5 L6
CIFARI10 32 4 4 4 2 2 1
STL10 96 12 12 12 6 6 3
Tiny-ImageNet 64 8 8 8 4 4 2

For BP-CLAPP++ training, we just take the CLAPP++ objective at the last layer, and then perform backpropagation to train
earlier layers. For BP-InfoNCE, we use a linear projection head with output dimension 1024 to project 2~ and ¢”. Then, we
use the InfoNCE loss as in Chen et al. (2020) and backpropagation to train the whole network. To examine the influence of
spatial dependence in BP-SSL training, we simulate both the case with spatial dependence and without for L. We found no
effect of spatial dependece on performance, so we just report the number without spatial dependence.

The model receives 32 images at each batch during training. For each patch of each image, one positive contrastive sample
and one negative contrastive sample are selected to compute the loss £ and to update the network parameters. We use Adam
optimizer with a learning rate 2 - 10~ to train each model for 300 epochs. For STL10, each experiment takes approximately
5 hours on 4 NVIDIA A100 GPUs.

For training the linear classifier, the representation is computed by averaging the representations of all patches associated
with an image. We use Adam optimizer with a learning rate 1073,

Simulation for Figure 4 C : We repeat the above simulation for STL10, except that we remove spatial dependence in the
last layer for ‘CLAPP++’ and ‘CLAPP++DFB’. In this way, they use the same last layer objective (L) as model ‘CLAPP++
(no spatial dependence)’, so the comparison with BP-SSL gradients are fair across these learning rules. The classification
performance on STL10 does not change if we remove the spatial dependence of the last layer. CLAPP++ reaches 78.63%
accuracy, and CLAPP++DFB reaches 79.01% accuracy. After the simulation, we freeze the encoder at 100 epochs (or other
number of epochs in figure A2), and evaluate the gradient aligment to BP-CLAPP++ on the held out test dataset.

C. Training self-supervised objectives with BP-approximation methods

We compare our proposed learning rules with feedback to two other existing biologically plausible BP-approximation
frameworks: Directed Feedback Alignment (DFA) (Ngkland, 2016) and Predictive Coding (PC) (Whittington & Bogacz,
2017). More specifically, we use these methods as approximations of backpropagation in the End-to-End training of the
CLAPP objective.

Self-supervised Directed Feedback Alignment In DFA, the partial derivative of the loss with respect to the final layer
activity 0% = OL /02" is directly projected to each intermediate layer through a random fixed matrix: §' = F'6%. The
feedforward weight is then updated with: AWJZ = 5; s (aé»)zzlfl. When a shallow network is trained using DFA on a simple
task like MNIST, the network evolves such that 6 in intermediate layers would approximate the true partial derivative
OL/0Z.

Applying this method to optimize the final layer contrastive predictive loss L of CLAPP++, we get the update rule for
feedforward weights in the intermediate layers:

AW} =% (FBESE), - ®

Such a method based on feedback alignment is known to be unscalable to deeper networks and more complex image
classification tasks (Bartunov et al., 2018). In Table 2, we also show that it performs much inferior to the CLAPP model.

The method is closely related to our proposed feedback scheme. In the CLAPP++DFB learning rule, B! is used to replace the
combined term ! B in the DFA method. However, the top-down B! in CLAPP++DFB is trained with a Hebbian learning
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Table A3. Image classification performance using backpropagation (BP) and predictive coding (PC) to optimize different losses.

CIFAR-10 STL-10
Loss BP PC BP PC
Cross-entropy (supervised) 7241 71.92 - -

CLAPP objective (self-supervised) 65.68 45.62 78.36 36.75
LPL objective (self-supervised) 73.65 47.68 70.29 51.21

rule, whereas the top-down connection F in DFA is a random fixed matrix. The broadcasting factor 7' in CLAPP++DFB
also has dependence on layer activities.

Self-supervised Predictive Coding In short, we use the JAX package for predictive coding implemented in Pinchetti et al.
(2025) (https://github.com/liukidar/pcx) to optimize the self-supervised objective.

This method takes a different approach by modeling each layer’s activity A! as a Gaussian distribution conditioned on the
previous layer’s activity and layer parameters: P(h') ~ N (u!, ¥!) where ! = f(0', h'=1) = Wp(h!~1) for a feedforward
layer, and X' is usually set as identity matrix. In predictive coding, activity k' and parameters #' are optimized to minimize
the following energy function:

L—-1

F(h,0) =

=1

(Wt = uh)? + L(u",y) )

N =

Here £ could be the loss function defined at the final layer L. The classic predictive coding method (Whittington & Bogacz,
2017) optimizes the energy JF by first updating the activity A’ to an equilibrium and then updating the parameters §'. The
feedback information is propagated down from the top layer when the activities h' are updated using the gradient descent of
F

Ah = [~ + g/ (B) © (WHT )] (10)

where ¢/ = h! — p! for I < L and € = —9L/0p". The transpose of the feedforward weight i’ propagates down the
information e from the final layer. After updating the activity to equilibrium A%, the parameters are updated using the
gradient descent, which has the Hebbian format:

AW =g - p(h'~1)é (11)

We apply this method to optimize the self-supervised CLAPP objective at the final layer by replacing £(u”,y) with
L(p(u*)). To optimize the energy during training, we follow the incremental predictive coding (iPC) method used in
Salvatori et al. (2024) to update the activity {h'} lL:_ll and parameters {W'}£ | iteratively. This method has been shown to
achieve better performance and more stable training. It is also more biologically plausible than the classic predictive coding
(Whittington & Bogacz, 2017) or equilibrium propagation (Scellier & Bengio, 2017) because it does not require additional
signals to control separate phases of updating activities and updating parameters.

After performing a hyperparameter search and selecting the best model, we found that predictive coding fails to learn useful
representations. To further confirm our findings of the inferior performance of predictive coding in Table 2, we apply the
same hyperparameter search to train different losses on different datasets. We find that predictive coding only performs
close to backpropagation on supervised loss, whereas the method fails to optimize the self-supervised contrastive objectives
used by CLAPP (Table A3). To further show that the result is not specific to contrastive objectives like CLAPP, we also
implement predictive coding to optimize the non-contrastive objectives used by LPL (Halvagal & Zenke, 2023), where we
found a similar result (Table A3). Therefore, the predictive coding method could not be easily extended to self-supervised
loss.

To update h!, we follow the code in Salvatori et al. (2024), and use the SGD optimizer with a momentum of 0.5. The
learning rate 7, and optimization steps 7" are searched according to Table A4. In supervised training, we update W' using
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cosine similarity of gradient update

- Constrained B: rank 4
4— Constrained B: rank 2
+— Constrained B: rank 1

= Unconstrained B (Theorem 1)
Constrained B: rank 16
—+— Constrained B: rank 8

0.0

1 2 3 4
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5

Figure Al. Cosine similarity of weight update of local-SSL and BP-SSL for B! with different rank. Simulation is done in 6-layer deep
linear network with 128 neurons in each layer.
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Figure A2. Cosine similarity of weight update of local-SSL and BP-SSL at different stages of the training process on STL-10.

the Adam optimizer with a learning rate 5 - 10~° and weight decay 10~*. We use a batch size of 128 and train the model
for 50 epochs. The test dataset is evaluated at the end of each epoch, and the best accuracy is reported. In self-supervised
training, we use the same batch size, epoch number, learning rate, and optimizer for W' as in CLAPP (Illing et al., 2021)
and LPL (Halvagal & Zenke, 2023). Detailed choices are specified in Table A4:

Table A4. Hyperparameters for different losses in predictive coding. 7" is the number of updates for - and w for each input. 7y, is the
learning rate for updating h. These two hyperparameters are specific to predictive coding and are thereby tuned. Other hyperparameters
are kept the same as the ones used in backpropagation training.

Loss PC-Supervised PC-CLAPP PC-LPL
T {1,9, 17}
Mh {0.01,0.1,0.5 }
Batch size 128 32 1024
N 5-107° 2.1074 1073
Epochs 50 300 800
Weight decay 1074 0 1074
Optimizer Adam

D. Additional Comparison with BP-SSL on Local-SSL

We analyze the effect of imposing constraints on B’ for theorem 3.1. We constrain the ranks of B’ by parametrizing
B! = (FHT F! where F} and F} are trainable weight matrices, both with n! columns and r rows (n! is number of neurons
in layer [, and r < n'). Then, we repeat the same simulation for theorem 3.1 (green line in figure 2). As the rank decreases,
B! is more constrained, and the alignment between local-SSL and BP-SSL decreases.

We analyze the gradient alignment at different stages of training(Figure A2). In all stages, introducing top-down feedback
improves the gradient alignment.
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