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Abstract

Long-context reasoning has significantly empow-
ered large language models (LLMs) to tackle com-
plex tasks, yet it introduces severe efficiency bot-
tlenecks due to the computational complexity. Ex-
isting efficient approaches often rely on complex
additional training or external models for com-
pression, which limits scalability and discards
critical fine-grained information. In this paper,
we propose VTC-R1, a new efficient reasoning
paradigm that integrates vision-text compression
into the reasoning process. Instead of process-
ing lengthy textual traces, VTC-R1 renders in-
termediate reasoning segments into compact im-
ages, which are iteratively fed back into vision-
language models as “optical memory.” We con-
struct a training dataset based on OpenR1-Math-
220K achieving 3.4 x token compression and fine-
tune representative VLMs—Glyph and Qwen3-
VL. Extensive experiments on benchmarks such
as MATH500, AIME25, AMC23 and GPQA-D
demonstrate that VTC-R1 consistently outper-
forms standard long-context reasoning. Further-
more, our approach significantly improves infer-
ence efficiency, achieving 2.7x speedup in end-to-
end latency, highlighting its potential as a scalable
solution for reasoning-intensive applications. Our
code is available at https://github.com/
w-yibo/VTC-R1.

1. Introduction

Reasoning capability (Li et al., 2025b; Lightman et al., 2023;
Yao et al., 2023; Huang & Chang, 2023; Yao et al., 2025)
has emerged as a powerful technique of large language mod-
els (LLMs), enabling them to tackle complex tasks such as
mathematical problem solving (Hendrycks et al., 2021; Luo
et al., 2025a; Hu et al., 2025) and code generation (Chen
et al., 2021; Jiang et al., 2024). Recent advancements, ex-
emplified by OpenAl ol (OpenAl, 2024) and DeepSeek-
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Figure 1. Comparison between existing efficient reasoning ap-
proaches and vision-text compression (VTC). Existing methods
either require additional training or sampling procedures, or rely
on external strong models. In contrast, VTC leverages lightweight
rendering to transform long textual reasoning traces into compact
visual representations, enabling VLMs to encode information with
significantly fewer vision tokens (3-4x compression). This ap-
proach is both lightweight and model-free.

R1 (Guo et al., 2025), leverage reinforcement learning to
further scale this capability to long-context reasoning, sub-
stantially improving performance on challenging real-world
tasks (Wang et al., 2026b). Despite recent progress, long-
context reasoning introduces severe efficiency bottlenecks.
The computational complexity of the transformer architec-
ture (Zaheer et al., 2020; Beltagy et al., 2020; Kitaev et al.,
2020) grows quadratically with sequence length, causing
both computation and memory costs to increase rapidly as
the context expands. This leads to degraded inference speed,
reduced training efficiency, and limited scalability, which
significantly hinders real-world deployment.

To mitigate these issues, several efficient approaches are
proposed (Chen et al., 2025; Munkhbat et al., 2025; Lee
et al., 2025; Liu et al., 2024). Existing methods can be
broadly categorized into two groups. i) Extra training or
sampling stages beyond standard training. For example,
CoT-Valve (Ma et al., 2025b) adopts a multi-stage training
procedure to obtain models specialized for different reason-
ing lengths and O1-Pruner (Luo et al., 2025b) applies offline
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reinforcement learning with multiple sampled trajectories
(16 responses per problem). These approaches increase
training and inference cost. ii) External strong models to
guide reasoning compression. TokenSkip (Xia et al., 2025)
requires an additional model to estimate token importance,
while R1-Compress (Wang et al., 2025) and InftyThink (Yan
et al., 2025) depend on powerful external summarization
models (e.g., Llama-3.3-70B-Instruct) to condense long rea-
soning traces. Although both categories of methods are
effective, they often restrict exploration space and discard
fine-grained information that is critical for reasoning.

Without additional training or external models,
how can we achieve efficient reasoning while
preserving fine-grained information?

Motivated by this, a promising yet underexplored direction
is vision-text compression (VTC) (Wei et al., 2025; Cheng
et al., 2025; Xing et al., 2025b; Zhao et al., 2025; Xing
et al., 2025a). Rather than reducing fine-grained informa-
tion, VTC adopts an alternative representation by transform-
ing textual content into visual forms via lightweight render-
ing, enabling vision-language models (VLMs) to encode
rich semantic information using substantially fewer vision
tokens. This design is lightweight and model-free, as shown
in Figure 1, introducing no additional training stages or re-
liance on external compression models. Prior works such
as DeepSeek-OCR (Wei et al., 2025) and Glyph (Cheng
et al., 2025) focus on text reconstruction or long-context
understanding, showing that long text sequences can be
represented with 3x—10x token compression while main-
taining high decoding precision. However, whether such
high-density visual representations can preserve and support
multi-step reasoning processes remains unclear. Notably,
mathematical reasoning, with its symbolic structure and
step-wise derivations, is naturally amenable to visual render-
ing, making it a suitable and principled testbed for studying
reasoning-oriented vision-text compression.

To bridge this gap, we propose VTC-R1, a new efficient
reasoning paradigm that iteratively integrates vision—text
compression into long-context reasoning. VTC-R1 treats
the reasoning process as multiple processes, where the pre-
ceding process are regarded as long-context and rendered
into compact images, and performs iterative reasoning (Yan
et al., 2025) with VLMs. As illustrated in Figure 2, the rea-
soning process is decomposed into a sequence of reasoning
steps. Upon the completion of each step, it is rendered into
an image. To proceed to the next step, the accumulated im-
ages of previous steps are fed back into the model alongside
the question, functioning as a form of optical memory that
compactly encodes previous reasoning using vision tokens.

We construct a training dataset based on OpenR1-Math-
220K (Hugging Face, 2025), a large-scale long-context rea-
soning corpus generated by DeepSeek-R1 (Guo et al., 2025).

We segment each long reasoning trace into shorter reasoning
segments and render the preceding segments into images,
forming paired image—text reasoning data with up to 3.4 x
token compression as shown in Table 1. We then fine-tune
representative VTC-VLM (i.e., Glyph (Cheng et al., 2025))
and the state-of-the-art VLM (i.e., Qwen3-VL (Bai et al.,
2025)), under this iterative reasoning framework. Extensive
experiments on diverse mathematical reasoning benchmarks,
GSMSK (Cobbe et al., 2021), MATHS500 (Lightman et al.,
2023), AIME25 (Zhang & Math-Al, 2025), AMC23 (Math-
Al 2025) and GPQA-Diamond (Rein et al., 2024), demon-
strate that VTC-R1 consistently outperforms standard long-
context reasoning. Moreover, VTC-R1 significantly im-
proves inference efficiency, achieving up to 2.7x speedup
in end-to-end reasoning latency, highlighting its practical
advantages for scalable long-context reasoning. The main
contributions of this paper:

* We introduce VTC-R1, a new efficient reasoning
paradigm that reformulates reasoning as an iterative pro-
cess and integrates vision-text compression to replace
long text with compact vision tokens, without requiring
additional training stages or external strong models.

* We construct a training dataset by segmenting reasoning
traces and rendering preceding steps into images, produc-
ing paired data with up to 3.4x token compression.

* Extensive evaluation on major mathematical and out-of-
distribution benchmarks shows that VTC-R1 consistently
outperforms standard long-context reasoning and achieves
up to a 2.7x speedup in end-to-end inference latency.

2. Related Work

Reasoning in Lead Learn Make Models. Reasoning
capa-bilities (Li et al., 2025b; Lightman et al., 2023;
Huang & Chang, 2023; Yao et al., 2025) constitute a
cornerstone of modern LLMs, enabling proficiency in
rigorous domains like mathematics (Hendrycks et al., 2021;
Luo et al., 2025a; Hu et al., 2025) and code generation
(Chen et al., 2021; Jiang et al., 2024). While early strategies
relied on structured prompting (Yao et al., 2023; 2024),
recent advancements leverage reinforcement learning to
scale test-time compute. Models such as OpenAl ol
(OpenAl, 2024), DeepSeek-R1 (Guo et al., 2025), and
Kimi (Team et al., 2025a) gen-erate extended chains of
thought, achieving significant im-provements on
challenging real-world benchmarks.

Efficient Reasoning. Long-context reasoning strategies
exacerbate the computational bottlenecks inherent in the
quadratic complexity of Transformer architectures (Zaheer
et al., 2020; Beltagy et al., 2020; Kitaev et al., 2020; Wang
et al., 2020). Recent research has investigated various ef-
ficiency mechanisms (Liu et al., 2025; Chen et al., 2025;
Munkhbat et al., 2025; Lee et al., 2025; Liu et al., 2024;
Yang et al., 2025¢; Zhang et al., 2025; Hao et al., 2024; Yang
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Figure 2. Comparison between standard long-context reasoning and the proposed VTC-R1 reasoning paradigm. (a) Standard long-context
reasoning processes the entire reasoning trace as a single long sequence, leading to increasing computational and memory costs as the
context grows. (b) VTC-R1 reformulates long-context reasoning as an iterative process. At each iteration, the current reasoning segment
is generated and the preceding segments are rendered into compact images, which are fed back to the model together with the original
question. These rendered images function as a form of optical memory, enabling efficient multi-step reasoning with reduced token usage.

et al., 2025a; Pan et al., 2025; Ma et al., 2025a; Qiao et al.,
2025; Zhuang et al., 2025; Yang et al., 2025b; Hou et al.,
2025; Ning et al., 2025; Li et al., 2025a; Gong et al., 2025),
though existing methods often incur significant trade-offs.
One category of approaches (Team et al., 2025a), exempli-
fied by CoT-Valve (Ma et al., 2025b) and O1-Pruner (Luo
et al., 2025b), relies on complex multi-stage training pro-
cedures or extensive offline sampling, which substantially
increases pre-deployment overhead. A second category
leverages external strong models (Kang et al., 2024) to guide
reasoning compression, as in TokenSkip (Xia et al., 2025),
R1-Compress (Wang et al., 2025), and InftyThink (Yan et al.,
2025), making the compression quality dependent on the
capabilities of these auxiliary models. Although effective in
reducing token counts, these approaches often constrain the
exploration space and risk discarding fine-grained informa-
tion that is critical for correct logical deduction.

Vision-Text Compression. Vision-text compression (VTC)
has emerged as a promising approach for reducing the
cost of processing long textual sequences by transform-
ing text into compact visual representations. DeepSeek-
OCR (Wei et al., 2025) demonstrates that long texts can be
compressed into visual tokens, achieving a 3x—10x reduc-
tion in token count while maintaining high decoding fidelity.
Glyph (Cheng et al., 2025) utilizes continuous pre-training
and RL for VTC to enhance long-context understanding
capabilities. VTCBench (Zhao et al., 2025) proposes a
benchmark to evaluate the spectrum of capabilities in VTC.
While prior work focuses on text understanding and recon-
struction, and it remains unclear whether such high-density
visual representations can faithfully preserve and support
complex reasoning processes, particularly for mathemati-
cally intensive and multi-step reasoning tasks.

Some concurrent works, AgentOCR (Feng et al., 2026) uti-
lizes VTC to compress the agent’s history derived from tool
invocations into a compact rendered image. RoT (Wang
et al., 2026a) focuses on utilizing rendered visual tokens
as latent tokens for latent reasoning, but it does not explic-
itly address long-context reasoning and lacks systematic
evaluation on challenging benchmarks.

3. Preliminaries
3.1. Problem Setup

We consider a reasoning task defined by an input question ().
Given a vision language model M, the goal is to produce a
final answer A. During answer generation, a long sequence
of intermediate reasoning steps is also produced, which
forms a long-context reasoning.

3.2. Vision-Text Compression

Vision-text compression is defined as a procedure where a
given text is rendered into an image, enabling a VLM to
encode the content using fewer vision tokens. The pipeline
used in our work is summarized as follows.

Given an input text sequence 7', the text is rendered into im-
ages through a pipeline before model input. The rendering
pipeline is parameterized by a configuration vector (Cheng
et al., 2025),

0= (dpi, page_size, font_family, font_size,
line_height, alignment, indent, spacing,

ey

h_scale, colors, borders, . . . ),

which controls the typography, layout, and visual style of
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rendered pages. The details of rendering configuration are
provided in Appendix A.1. Through the rendering process,
multiple PNG images I are produced. This process is de-
fined as I = Ry(T'), where Ry(-) denotes the rendering
operator. The images I are processed by the image pro-
cessor and vision encoder of model M. For simplicity, let
M ision denote the vision tokenizer. Given the images I, we
obtain a sequence of vision tokens V' = Msion(I), where
V ={vy,...,vr, } and L, represents the sequence length.

The original text 7' is processed by the text tokenizer M,
to produce a text token sequence T = M (T'), where T' =
{t1,...,tr, } and L, denotes the number of text tokens.

Thus, the vision-text compression ratio is defined as:

@

In practice, p > 1, a larger p indicates a higher compression
efficiency, implying that fewer tokens are required to encode
the same content under the vision tokenization scheme.

4. Methodology
4.1. Standard Long-Context Reasoning.

Standard long-context reasoning, as adopted by OpenAl
ol (OpenAl, 2024) and DeepSeek-R1 (Guo et al., 2025),
typically produces a long sequence of intermediate reason-
ing steps. Such behavior incurs substantial computational
and memory cost. This reasoning procedure is formulated as
a long-context reasoning process, denoted as L R, where the
input question is Q. The standard long-context reasoning
can be represented as

(S,)|U|Q|A] (think) LR (/think) A,

where (S) denotes the standard system prompt, such as
“You are a helpful assistant.”” The tokens |U| and |A]
indicate the start of user input and model response, respec-
tively. The special tokens (think) and (/think) mark
the beginning and end of the reasoning process.

In practice, LR may reach 16k tokens or more. During
reasoning, the preceding steps could be regarded as context
and vision-text compression can therefore be introduced to
encode these preceding steps into a smaller number of
effective vision tokens, thereby mitigating the substantial
cost of long-context reasoning.

4.2. VTC-R1 Reasoning

Instead of generating a full textual reasoning trace, VTC-
R1 first formulates long-context reasoning as an iterative
process to get the answer. A long-context reasoning process,
denoted as L P, is decomposed into a sequence of reasoning
segments {LPy,...,LP,}.

Algorithm 1 VTC-R1 Reasoning Paradigm

Input: question @); vision language model M; system
prompt (S, ); rendering operator Ry; maximum iteration
T
Initialize: rendered image set Z <+ ()
fori =1to T do

Generate Vision-Language Model Output:

0; «+ M((s,),Q,T)

if O; produces the final answer A then
return A

end if
Update Image Set via Rendering:
Extract reasoning progress L R; from O;
Render reasoning into images: I; < Ro(LR;)
Update: Z + ZU{L;}

end for

if no final answer A then
Extract Answer when Reaching Iteration Limit:
Extract final answer A from Op

end if

Output: final answer A

Iterative Reasoning. Concretely, iterative reasoning gener-
ates the reasoning process sequentially. At iteration 7, the
model conditions on the question and the previous segments:

LPsz9(|Q7LP<l)7 LP<ié(LP17"'7LP7L—1)7
(€)]

and the complete trace is obtained by concatenation LP =
(LPy,...,LP,).

We next show that this iterative formulation is equivalent to
standard one-pass long-context generation under an autore-
gressive model. By the chain rule, the joint distribution of
the full trace factorizes as

po(LP | Q) = [ po(LP: | Q,LPy), “
=1

which is exactly the distribution induced by sampling
LPy,...,LP, sequentially with the same conditionals.
Consequently, for any answer extraction function A =
M (LP), both one-pass and iterative generation yield the
same answer distribution:

A= M(LP), LP~p(-|Q).

VTC-R1 Reasoning Paradigm. The first reasoning process
is expressed as follows, where n > 1 is assumed:

(Sy)|U|Q|2a|(think) LRy (/think),

where (S,,) denotes the VTC-R1 system prompt.
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VTC-R1 System Prompt (S,,)

These images record your previous reasoning process.
Based on this reasoning, continue and complete the
final answer. Do not restart the reasoning.

If no images are provided, start the reasoning from
scratch.

As described in Sec 3.2, the first reasoning process LR is
rendered into multiple images, I; = Ry(LR;).

When the ¢-th reasoning process begins, ¢ — 1 reasoning pro-
cesses have been completed. At the end of each process, the
generated reasoning process L1?; is rendered into multiple
images I; and stored. As a result, a set of rendered images
{I,...,I;_1} is available. The reasoning process at the
i-th iteration is then expressed as

(Sp)|U|Q, I,...,I;—1|A]{think) LR; (/think).

At the final reasoning iteration n, the model produces the
last reasoning segment and outputs the final answer A. The
complete generation at this stage is expressed as

(S)|U|Q, I, ..., In_y | A| (think) LR, (/think)A.

During inference, VTC-R1 iterates continuously until the
final answer A is produced. As shown in Table 2, the method
exhibits adaptive reasoning behavior, where the number of
reasoning iterations is selected dynamically according to
the problem difficulty. To prevent unbounded generation, a
maximum iteration limit, denoted as 7', is imposed.

VTC-RI1 performs iterative reasoning by generating multiple
reasoning segments in Algorithm 1. At each iteration, the
previously generated reasoning segments LR;,..., LR, ;
are rendered into images I;,...,I;_1. Therefore, these
images provide a compact and efficient representation of
textual reasoning through vision tokens, functioning analo-
gously to an optical memory. Under our rendering configu-
ration, the resulting depression ratio p is approximately
3—-4 as shown in Table 1, which could mitigate the com-
putational and memory cost incurred by token growth in
standard long-context reasoning.

Moreover, VTC-R1 requires a lightweight rendering mech-
anism. No additional training, extra sampling stages, or
external models are introduced.

Batch Inference. To facilitate batch inference in frame-
works like vVLLM (Kwon et al., 2023), we adapt Algorithm 1
by introducing independent request states and a dynamic ac-
tive set mechanism. This approach enables efficient parallel
generation by selectively constructing batch inputs and up-
dating multimodal contexts only for active samples during
each iteration. The detailed Algorithm 2 is provided.
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Figure 3. Distribution of data index. The index indicates the
order of a reasoning segment for a given problem, where index 0
corresponds to the first segment. Most samples terminate at early
steps, while a small fraction requires more than four iterations.

Table 1. Statistics of rendered prior reasoning segments. We
report the number of reasoning segments rendered as images, the
total number of text and vision tokens, and the compression ratio.

Metric Value
Rendered reasoning steps (elements) 45K
Rendered images 105K
Total text tokens 181M
Total vision tokens 54M
Compression ratio (text / vision) 3.4x

4.3. Training Data Construction

To train VTC-R1, a supervised fine-tuning dataset is con-
structed to enable VLMs to learn the VTC-R1 reasoning
paradigm. The dataset is organized as an image—text paired
corpus. We adopt OpenR1-Math-Inf (Yan et al., 2025),
which is a subset of OpenR1-Math-220K (Hugging Face,
2025). OpenR1-Math-220K is generated by the DeepSeek-
R1 (Guo et al.,, 2025) model, where solutions are pro-
duced for large-scale mathematical problems. OpenRI1-
Math-Inf contains 61K question—answer pairs, and each
solution is partitioned into multiple reasoning segments
{LR1,LRs,...,LR,} according to predefined thresholds.

Based on Sec 4.2, training data are constructed according to
the index of the reasoning process, where different rules are
applied at different iterations. Rendered images are included
as inputs. The instance at iteration ¢ is defined as

({S,),Q.2, LRy),
(<Sv>v Q, {[j}j<z‘, LRi),
(<SU>’Q7{Ij}j<iaLRn7A)7 T=n.

i=1,

Data; = 1<i<n,

&)
106K instances are constructed based on Eq. 5, which re-
quires approximately 105K rendered images in PNG format.
Figure 3 presents the segment index distribution in the con-
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Table 2. Performance comparison across mathematical benchmarks. Accuracy (ACC) is higher-is-better (1), latency (LAT) is
lower-is-better (). Bold indicates the best performance. Superscript numbers denote accuracy improvements and latency speedups

relative to standard long-context reasoning.

Model GSMSK MATHS500 AIME25 (Avg@16) AMC23 (Avg@16)
| ACCt TOK LAT| | ACCt TOK LAT| | ACC? TOK LAT, | ACC? TOK  LAT}

Qwen3-VL-8B

SFT 88.1 1.79 304 | 854 4.17 5.36 32.71 17.46 29.85 75.00 8.20 11.08

VTIC-R1 | 947099  1.09 0.46°°° 90.00+9 339 249729 | 30.00>7) 1432 12.02°9 | 77.97¢>7 818 6457

Glyph

Base SFT 86.1 235 1.38 79.6 5.51 2.77 24.17 19.94 14.48 61.56 12.67 8.55

SFT 87.1 1.87 0.93 80.4 5.71 3.05 25.62 17.47 11.52 60.94 11.65 6.85

TokenSkip 86.4 2.25 1.32 80.6 6.11 3.05 23.75 17.82 11.85 59.53 12.81 8.41

VTC-R1 | 93.60°7 1.09 0.34°79 860779 412 219" | 26250 1295 6.810 79 | 64.38*) 881 430"

structed training data. Table 1 reports the token statistics
after applying vision-text compression. The original reason-
ing traces contain 181M text tokens, which are reduced to
54M vision tokens after rendering, achieving a compression
ratio of up to 3.4x. This dataset is subsequently used for
supervised fine-tuning. It is noted that the number of images
associated with each instance is adaptive. Therefore, the
training procedure requires VLM architectures that support
inputs with a variable number and resolution of images,
such as Qwen3-VL (Bai et al., 2025), GLM-4.1V (Team
et al., 2025b), and Glyph (Cheng et al., 2025).

5. Experiments
5.1. Experiment Settings

Dinner set. For training, we use the OpenR1-Math-Inf
(Yan et al., 2025), where each solution is segmented into
multi-ple reasoning segments with varying lengths (2K,
4K, and 6K tokens). it is a subset of OpenRI-
Math-220K  (Hug-ging Face, 2025) dataset. Unless
otherwise specified, 4K is used as the default segmentation
setting. For evaluation, we leverage four widely used
mathematical reasoning bench-marks. GSM8K (Cobbe et
al., 2021), MATHS500 (Light-man et al., 2023), AIME25
(Zhang & Math-Al, 2025) and AMC23 (Math-Al, 2025).
And GPQA-Diamond (GPQA-D) (Rein et al., 2024), a
science-domain benchmark that serves as an out-of-
distribution evaluation. See the Ap-pendix B.2 for more
details of benchmarks.

Baseline. For baselines, our proposed method VTC-R1
is compared with standard long-context reasoning (SFT).
In the SFT setting, standard question—answer pairs with
full long-form reasoning traces are used as the supervised
fine-tuning dataset. We then perform VTC-R1 and SFT
on two representative VLM architectures respectively for
comparison. i) Glyph (Cheng et al., 2025), which serves as
a VTC-capable VLM. ii) Qwen3-VL-8B (Bai et al., 2025),
which represents a mainstream vision—language model. In
addition, standard SFT does not require optical character
recognition capability. Therefore, the base model preced-
ing Glyph, GLM-4.1V-9B-Base (Team et al., 2025b) (Base

6

SFT), is also included as a baseline. The efficient reason-
ing method TokenSkip (Xia et al., 2025) is included as an
additional baseline for comparison.

Metric. We employ the following three metrics to evaluate
the model’s performance.

* Accuracy (ACC): For GSM8K, MATH500, and GPQA-
Diamond, we report pass@1 accuracy. For AIME25 and
AMC?23, due to their limited dataset sizes, we generate 16
responses per problem and report avg@ 16 accuracy.

* Token (TOK): The average number of tokens in the gen-
erated responses.

» Latency (LAT): We measure the average inference la-
tency per generation. Given a dataset with m problems,
where each problem is generated n times (e.g., n = 16 for
AIME25 and AMC23), let t; and t5 denote the wall-clock
timestamps at the start and end of the entire inference
process, respectively. The latency is computed as:

to —t1
mxn’

Implementation Details. For both SFT and VTC-R1, the
processed training datasets contain 106K instances and re-
quire approximately 105K images. Both methods are trained
with a learning rate of 1 x 10~5 for one epoch using the
LlamaFactory library (Zheng et al., 2024). For evalu-
ation, a temperature of 0.6 and a top-p value of 0.95 are
adopted under the vLLM framework (Kwon et al., 2023).

LAT =

5.2. Main Results

Performance Gains. As shown in Table 2, VTC-R1 consis-
tently outperforms Base SFT, SFT and TokenSkip baselines
on the Glyph across all four benchmarks. Notably, substan-
tial improvements are observed on the more challenging
benchmarks, with the gains of 5.6% on MATHS500 and 3.4%
on AMC23. On the Qwen3-VL architecture, VTC-R1 also
demonstrates consistent improvements or achieves competi-
tive accuracy compared to standard long-context reasoning.

Furthermore, as reported in Table 3, similar trends are ob-
served on the out-of-distribution benchmark. Specifically,
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Figure 4. Accuracy of the proposed method across benchmarks under different maximum iteration epochs. The epoch index denotes the
maximum number of allowed reasoning iterations, and predictions that terminate earlier are also included in evaluation. The dashed line
indicates the single-round baseline (standard long-context reasoning for 8192 maximum tokens).

Table 3. Performance on Out-of-distribution Benchmark (GPQA-
Diamond). Bold indicates the best performance.

Model | GPQA-Diamond

| ACCt TOK LAT,
Owen3-VL-8B
SFT 37.4 14.78 26.88
VTC-R1 48.5(+111 977 9.57(28%)
Glyph
Base SFT 26.3 19.74 14.43
SFT 384 13.91 8.35
TokenSkip 359 15.45 993
VTC-R1 46.00779 10.73 6.96(12%)

VTC-R1 yields accuracy improvements of 7.6% and 11.1%,
indicating that the proposed approach generalizes effectively
beyond in-distribution mathematical benchmarks.

Efficient Inference. VTC-R1 achieves efficient inference la-
tency across model architectures. On the Glyph architecture,
a speedup of at least 1.4 x is observed across all benchmarks,
with larger gains of 1.7 and 1.6 x on the more challenging
benchmarks. On the Qwen3-VL architecture, the inference
speedup reaches up to 6.6x.

Although the proposed method is not explicitly designed
as an adaptive reasoning framework, adaptivity naturally
emerges from the data construction process, where different
problems are associated with different numbers of reasoning
iterations. As a result, benchmarks of varying difficulty
exhibit different effective token lengths (TOK). For instance,
GSMBSK requires fewer tokens, while AIME25 involves
longer token sequences and more iteration epochs.

The latency speedup consistently exceeds the reduction in
token count. For example, on the Glyph for AMC23, the
token count is reduced by approximately 1.3x, whereas
the latency improvement reaches 1.6x. This discrepancy
indicates that the introduction of vision-text compression
provides additional efficiency gains beyond token reduction.

Iteration Epochs. Figure 4 illustrates the accuracy of the

proposed method across four benchmarks over different
epoch settings. Here, the epoch index denotes the maximum
number of allowed reasoning iterations. Predictions that
terminate before reaching the maximum epoch are also in-
cluded in the evaluation, which results in a non-decreasing
accuracy trend as the epoch limit increases. As shown in
the figure, the accuracy consistently improves as the max-
imum epoch increases, demonstrating the effectiveness of
multi-iteration reasoning. Across most benchmarks, the rate
of accuracy improvement gradually diminishes, and per-
formance begins to converge from approximately the fifth
epoch onward. This observation indicates that the proposed
method benefits from additional reasoning iterations while
exhibiting stable convergence behavior.

Overcoming Training Context Limitations. The gray
dashed line in Figure 4 denotes the inference accuracy of
standard long-context reasoning when the maximum number
of newly generated tokens is set to 8,192, which also corre-
sponds to the maximum token length used during training
for our method. As the number of iteration epochs increases,
the accuracy of the proposed method gradually surpasses
the baseline across benchmarks. This result indicates that
the proposed method is able to overcome the context length
limitation imposed during training and achieve higher in-
ference accuracy beyond the fixed training window. At the
same time, efficient training is maintained, as evidenced by
the reduced training cost reported in Table 6.

5.3. Ablation Study

Segment Length. Table 4 reports the performance across
benchmarks when different segmentation lengths (2K, 4K,
and 6K) are used during training data construction, where
4K serves as the default setting. Across all four benchmarks,
a segmentation length of 4K achieves the best or highly com-
petitive accuracy. In addition, on MATH500, AIME25, and
AMC?23, the latency (LAT) increases as the segmentation
length grows. This behavior is expected, since larger seg-
mentation lengths gradually approach standard long-context
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GSMSK MATHS00 AIME2S AMC23
Segment Length
ACCt LAT| ACC+ LAT] ACCt LAT] ACCtT  LAT]
2K 93.9 0.39 82.4 1.95 20.6 5.87 59.7 4.03
4K 93.6 0.34 86.0 2.19 26.2 6.81 64.3 4.30
6K 93.7 0.92 84.2 3.28 235 8.06 64.7 4.90

Table 4. Effect of segment length on accuracy (ACC) and latency (LAT) across benchmarks. Higher ACC and lower LAT indicate better

performance. Best results for each metric are highlighted in bold.

AIME25 AMC23 GPQA-D
Baseline 26.25 64.38 46.0
w/o Image  23.33("'1'170) 59 53(-7-5%) 34 3(~25:4%)

Table 5. Performance comparison with and without image input. -
denotes the relative performance drop.

Method Training Data Training Time (h)
Base SFT 60K QA pairs 38.93
SFT 60K QA pairs 38.92
VTC-R1 106K QA pairs + 105K images 18.93

Table 6. Training time comparison across different methods.

reasoning, which incurs higher inference cost due to longer
effective reasoning sequences.

Image Input. We further analyze the performance of VTC-
R1 when image inputs are removed at each reasoning it-
eration. Three more challenging benchmarks AIME25,
AMC23, and GPQA-D, are selected for this analysis, which
are more likely to benefit from multi-step reasoning.

As shown in Table 5, removing image inputs leads to ac-
curacy drops of 11.1% and 7.5% on AIME25 and AMC23,
with a more substantial degradation of 25.4% observed on
GPQA-D. These results indicate that VTC-R1 relies on ren-
dered images as a form of memory for previous reasoning
steps during inference. At the same time, a non-trivial level
of accuracy is retained even without image inputs. This can
be attributed to the fact that many problems can be solved
within a single reasoning iteration; in the absence of image
conditioning, the model effectively restarts the reasoning
process from scratch and can still obtain correct answers.

5.4. Efficiency Analysis

Training Efficiency. Table 6 reports the training time of
VTC-RI in comparison with Base SFT and SFT. All training
times are measured using the L1amaFactory framework
under same configuration. Although the proposed method
adopts a multi-iteration training paradigm and therefore in-
troduces more QA pairs as well as additional images, the
overall training time is reduced to approximately 48% of
that required by the baseline methods. This result demon-
strates the training efficiency of VTC-R1. And the final
performance of VTC-R1 is superior as shown in Table 2.
The reduction in training time is attributed to the standard
long-context reasoning involves substantially longer reason-

ing sequences, where training cost increases rapidly as the
reasoning length grows. In contrast, VTC-R1 constrains the
reasoning length within each iteration to a controlled range,
which leads to improved training efficiency.

Rendering Efficiency. Table 2 shows that VTC-R1 sig-
nificantly outperforms all baselines in terms of end-to-end
latency, where the reported metric already accounts for the
overhead of rendering and image processing. We further
provide fine-grained statistics to validate that the introduced
vision-text compression mechanism is lightweight. Based
on an analysis of 100 samples from the dataset, we observe
that for an average of approximately 1,600 text tokens per
image, the rendering process requires only 0.12s on average,
while image processing takes merely 0.02s. Compared to
the overall model inference latency, this additional overhead
is negligible (4% of the total latency). Moreover, the average
generated image size is around 0.1 MB, which falls within
a practical and manageable range for real-world systems.

5.5. Case Study

We present four examples in Appendix B.5 to qualitatively
analyze the behavior of VTC-R1. These examples illustrate
that our method can condition on prior reasoning to perform
solution verification, reasoning summarization, error correc-
tion based on identified contradictions, and direct continu-
ation of preceding reasoning. Together, they demonstrate
that images rendered from previous reasoning segments can
be effectively leveraged to support multi-step reasoning.

6. Conclusion

We propose VTC-R1, an efficient long-context reasoning
paradigm that integrates vision-text compression into itera-
tive reasoning. By rendering previous reasoning segments
into compact visual representations, VTC-R1 replaces long
textual contexts with significantly fewer vision tokens in a
lightweight and model-free manner. Extensive experiments
show that VTC-R1 consistently improves reasoning accu-
racy across multiple benchmarks while achieving up to 3.4 x
token compression and 2.7x end-to-end inference speedup.
The results demonstrate that VTC-R1 provides an effective
alternative representation for scalable long-context reason-
ing. We hope our work would inspire further exploration of
efficient reasoning beyond pure text-based paradigms.
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Impact Statement

This paper presents work whose goal is to advance the field
of LLMs Reasoning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Image Rendering

A.1. Rendering Configuration

Factor

Specification / Sampling Strategy

dpi

page_size

font_family

font_size

Mixture of sets: lowest (45-59), low (60-71), medium (72-119), normal ({72, 80, 96, 100,
110, 120, 144, 150, 300}), high (over 300); favor normal/medium with small probability
spikes to extremes.

(i) Fixed paper sizes (A4, Letter, Legal, A5, B5, A3, B4, Tabloid) with priors; (ii) common
aspect ratios (e.g., 1.414, 1.333, 1.5, 1.778); (iii) fully random aspect via piecewise distribution
(narrow — tall).

Pooled and deduplicated families across serif/sans/mono/pixel; italics sampled by filename
heuristics (suffixes, italic/oblique).

{7,7.5,8,9,9.5,10,11,12,14}; 1ine_height tied as font_size + {0,...,3}.

alignment LEFT/JUSTIFY (dominant) with small-prob. RIGHT/CENTER.

margins Three patterns: all-equal; vertical-larger; horizontal-larger; values in 10—40 pt ranges.

indent Modes: none; first-line indent (21-2.5 em); block/hanging with left/right indents.

spacing space-before/space-after use a multi-mode prior (none, small, large).

h_scale Horizontal glyph scaling (0.75-1.0) with decaying probabilities.

colors Page/background/font palettes for light/dark themes; document/web/code styles inherit coher-
ent triplets (page, paragraph, font).

borders Optional paragraph borders with width/padding; disabled by default.

newline markup With small probability, explicit markers (e.g., \n, tags, or tokens) inserted to preserve
structure.

auto_crop Optional white-margin cropping and last-page trimming.

Table 7. Rendering configuration factors in the rendering pipeline and their sampling strategies.

The rendering pipeline is parameterized by a configuration vector. Following (Cheng et al., 2025), a set of rendering
configuration factors is adopted, as summarized in Table 7. These factors determine the final rendering properties, including
layout, visual clarity, and typography.

The default configuration used in our experiments is reported in Figure 5. This configuration largely follows the default
settings of Glyph. However, since the default Glyph font may produce incorrect glyphs when rendering certain mathematical
symbols, the font is replaced with De javVuSans. ttf in our implementation.

A.2. Rendering Example

Figure 6 presents an example image rendered under the default configuration specified in Figure 5.

B. Details about Experiments
B.1. Implementation Details.

Supervised fine-tuning is conducted using the L1amaFactory library (Zheng et al., 2024). For all methods and across all
model architectures, a learning rate of 1 X 1075 is used, with a warmup ratio of 0.1 and a cosine learning rate schedule.
Training is performed for one epoch with a batch size of 64, the maximum sequence length is increased to 32,768 tokens.
All models are trained using 8 NVIDIA H20 GPUs with 96 GB of memory.

We adopt the official implementation of TokenSkip (Xia et al., 2025), which supports compression ratios ranging from 0.6 to
0.9. We observe that training becomes unstable and collapses when the ratio is set to 0.6; therefore, we use a compression
ratio of 0.8 in our experiments.

All evaluation experiments are conducted on a single NVIDIA H20 GPU with 96 GB of memory. Inference is performed
using the vVLLM framework, with a temperature of 0.6 and a top-p value of 0.95. For standard SFT, the maximum number
of generated tokens (max_new_tokens) is set to 32,768. For VTC-R1, the maximum number of generated tokens per
iteration is set to 8,192, and the maximum number of iterations is set to 8.
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<think>0Okay, so | need to figure out the arder of the real numbers a, b, x., and x: where a < b and x: < x:. The function
i - ) - 1

given isy = (x - al{x - b] - 1/2, and the equation we're looking at is (x - a}(x - b] - 1/2 = 0. The answer choices are (A) through
D). each proposing a differant order. Let me think through tis step by step
Parameter Value First, | recall that the quadratic function y = (x - a){x - b} is a parabola thatnpens upwards because the coefficient of x* is

posiie (since when you expand [x - 3 -, the x?term [s 1%x2). The roots of this quacratic (whhout the -1/2)are at x = a
= b. Since a < b, the parabola crosses the x-axis at & and b, and since it opens upwards, the vertex is between a and
. h and it's the minimum point,
page-size 595 X 842 Now, the given equation is (x - 8)(x - b} - 112 = 0. S0, this is equivalent to shifting the original parabola down by 1/2 units
The racts of this new equation, x and x, are the paints where the shifted parabola crosses the x-axis.
K Since we're subtracting 172 fram the original function, the entire graph is snifted downward. The original parabola had its
dp i 72 wertex at the midpaint between a and b. Let's calculate the vertex coordinates. The vertex occurs at x = (a + b)/2. The
y-coordinate of the vertex for the original parabals is found by pluagIng x = {a + bY2 into the orginal function:

. 10 y=I[((a+bW2-a)*((a+bi2-b)l-12
— Wait, no, the original function befare shifting is (x - a){x - b). So the vertex y-value is at x = {a + b)2:
margin-—x y=[((a+b)2-a)*(fa+bl2-b)] =[(ib-a)2)*(-(b-a)2)]=-[(b-a}2 )
. 5o the vertex of the original parabola is st { (a + b2 , - [ (b- a2 ) ). Then, when we subtract 1/2, the new vertex
margin-y 1 0 y-coordinate becomes - { (b - a)/2 ¥ - 1/2. Since this is a downward shift, the entire parabola is lower, 5o the minimum point
is even lower. Therefore, the shifted parabola will cross the x-axis at two points x: and xz, which are on either side of the
, ariginal roots a and b.
— ‘Wait, but the original parabola had roots at a and b. When we shift it down by 1,2, the roots will move. Since the parahola
font P ath De J avuSans.ttf aperis upwarcs, ShITtng It down Would move the mats uBWard. That i, the new roats ki and %a Should be outsins the
. interval [a, b]. But let me check this.
font—-size 9 Alternatively, maybe | should sketch a graph. Let me visualize the original parabala crossing the x-axis at a and b. The
wertex is below the x-axis. If we shift it down by 1/2, the vertex is even lower, 50 the parabola will now cross the x-axis
further out. Therefare, the new roots x: and & should be outside the ariginal interval I3, b). 50 x: would be less than a. and

1 — 1 x would be greater than b. Therefare, the arder would be %1 < a < b < i, which is option (D). Hmm, but let me confirm this.
line-hei ght 10 Walt, but maybe my iniial reasoning s off. LePs think again. suppesc wé have 2 quadratle equatian (¢ - a(x - B) = 12, S
we can consider the oniginal parabola and the line y = 1/2. The solutions to the equation are the points where the parabola
f ont—-co 1 or #000000 intersects the line y = 1/2. However, in our case, the equation is (x - alix - b) - 1/2 = 0, which is eguivalent. Since the
parabola opens upwards and the vertex is at y = - { (b - ali2 ', 5o the vertex is below the x-axis. Then the line y = 142 is
., above the vertex. 5o, the parabola wil intersect the line y = 1/2 at two points. Depending on the value of 12 relative to the
a 1i nment LEFT maximumyminimum, but in this case, since the parabola tends ta infinity as x goes to +=, and the vertex is a minimum
g point. then If e Srift cown By L2, but wait the orginal equasan = (x - 3(x - b1 - L/2 = 0. Wait, perhaps | mate 3 mistake
3 _ Viat. the original equation is (x - atx - b] - 12 = 0, which can be rewritten 25 (x - 3 - bl = 1/2. So me have the parabola
horizontal-scale 1.0 et ey T e e s o el 2o s e s
s and %5, Sinte the parabota opens upwards, and e vortex & sty = - ( (0 a2 I Wih 1 negative becauce (b - 2)
3 —_ 1 —1 ositive (since a < b). 5o the vertex is below the x-axis, and the line y = 1,2 is above the x-axis. Therefore, the parabola
first-line-indent 0 Pk st i 3 = L3 o i, e s . e o L L. f b Beacos Beimect 3 a0 o, o

parabala is below the x-axis (since the vertex is the minimum and it's below the x-axis), so the parabola is below zero
between a and b. Hence, when you set it equal to 1/2, which is positive, the intersections must be outside the interval [a, bl.
Therefore, 5. < a and x2 > b. Since x: < , this would mean x. < a < b < x2, which is npnon

But wait, let me confirm this with a concrete example. Let's take specific values for a and b. Supposea = 1 and b = 3. Then
the original quadratic is (x - 1){x - 3) = x* - dx + 3. The vertex isat x = 2, y = (2 - 1}(2- 3) = (AJ10] = 1. 50 the vertex i at
12, -1}. Then the eguation (x - .Utx 3)-12= 0 is x? - dx + 3 lFZ *? -dx + 2.5 = 0. Let's solve this quadrat\: equation.
The discriminant is 16 - 10 = 6. S0 the roots are [4 + v/ + (VB)/2. v is approximately 2.45, so (v6)/2 = 1225
Therefore, the roots are appruxlmatzly 2-1225=0.775 and 2 + 1.225 = 3.225. S0 xu = 0.775 and x3 = 3., 225 Comparing
toa=1landb=3 500 =0775<a=1 andx = 3.225> b= 3 Hence, in this case, 1 < a < b < xz, which matches
option (D},

Thereare, this suggests that option (D} is the correct answer. But let me try another example to ensure. Let me take a = 0
and b = 2. Then the original guadratic is (x - 0}ix - 2} = x* - 2x. The vertex is at x = 1, y = (1){1 - 2) = -1. The equation
hecomes x° - 2x - 1/2 = 0. Solving, discriminant = 4 + 2 = 6, roats [2 + V62 = 1+ [VB)2. Again, 6 = 2.45, 50 roats at 1-
1225=-0.225and 1 + 1.225 = 3.225. So xa = -0.225 < a = 0, and xz = 3.225 > b = 2. So again, x: < a < b = x. This
reinforces that option (D} is correct.

Alternatively, maybz wsing calculus. The function fix) = (x - a)(x - b} - 1/2. Let's find where it crosses the x-axis. The
derivative Fx) = 2x - [a + b). Setting derivative to zero gives x = (a + b)/2, which is the vertex. The function at the vertex is

border-width
fila + b)/2} = ({ ta +bli2-adlla+bl2-b)-1/2 =(((b-ak2}l-(b-al2 - 12 =-(ib-a)"2 )4 - 1/2. Since this is

left-indent
right-indent
space-before
space—after

eNeoNeoNoNeNel

border-padding
negative (because (b - a)~2 is positive and divided by 4, then multiplied by -1, sa negative, and then subtracting 1/2 makes
_b — l #FFFFFF it even more negative). Therefare, the vertex is below the x-axis, and the parabala opens upwards, so the graph must cross
page g—color the x-axis twice, once to the left of a and ance to the right af b. Hence, 11 < a and 2 > b, 501 < a < b < x. Therefore, the
answer is (D).
But et me check if there's any case where the roots could be between a and b. Suppose i instead of subtracting 1/2, we
para -b g—Cco lor #FFFFFF added 12, then the parabalaYuDu\d be shifted upwards, and if the vertex was. Drigingl\y below the x-axis, sh.mng it up might
bring the roots closer or even between a and b. But in this problem, we are subtracting 112, which lowers the parabola
J further. Therefore, the roots must be outside the interval [a, b]. Hence, the comect order is x1 < a < b < x2. So option (D).
auto-cr op—wl dth true Wait, but why is this the case? Let's think about the graph again. The ariginal parabola crosses the w-axis at a and b
Between a and b, it's below the x-axis (since it's a upward opening parabola). I we shift it down by 1/2, the entire graph
mawes down, 50 the part between a and b is even lower, but the arms of the parabola go to infinity. 5o the paints where the
auto—-cr op— last —page true shifted parabola Crosees the x-anis nuct be outcide the original roots because between a and b, its sven mors negative
Ser ahitting davn. Henca, 1o crass the -mie, i et b be UISIAS 5 and b Thos, %t o ort of 8 and %1 o right of b fherefore,
he order is x < a = b = x2. which is option (D)
Therefore, after all this reasoning, the correct answer should be (D).
**Final Answer** \baxed{D} e/think>s=answar=De /answer>« |user| >

Figure 5. Default rendering configuration used in our experiments.
Figure 6. Example rendered page.

B.2. Benchmark

GSMSK: A widely used benchmark for multi-step reasoning, consisting of 8,500 grade school math word problems, with a
canonical test set of 1,319 problems.

MATHS500: A challenging math dataset comprising 500 problems from high school math competitions.

AIME25: A benchmark dataset consisting of 30 challenging mathematical problems from the 2025 American Invitational
Mathematics Examination.

AMC23: A challenging evaluation set comprising 50 problems from the 2023 American Mathematics Competitions, serving
as a benchmark for competition-level mathematical reasoning.

GPQA-Diamond: A high-quality subset of the GPQA benchmark, with 198 complex graduate-level multiple-choice
questions across various scientific domains. It serves as the out-of-distribution benchmark in our evaluation.

B.3. Training Dataset

We use OpenR1-Math-Inf (Yan et al., 2025), which is a subset of OpenR1-Math-220K (Hugging Face, 2025). The
OpenR1-Math-220k dataset, a large-scale benchmark for mathematical reasoning. It consists of 220k math problems, each
accompanied by two to four reasoning traces generated by DeepSeek R1 for problems sourced from NuminaMath 1.5. All
traces have been verified using Math Verify.

We first perform data cleaning on the OpenR 1-Math-Inf dataset, resulting in 60,688 valid instances. In OpenR1-Math-Inf,
for each instance, the original reasoning trace is partitioned into multiple segments based on a hyperparameter 1, which
controls the maximum token length of each segment. Following the data construction procedure of VTC-R1, this process
yields a total of 106K training instances and approximately 105K rendered images.

For the final answer A, the special token sequence <answer> A </answer> is used to facilitate answer extraction
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and to explicitly indicate the termination of the reasoning process. For instances consisting of more than one rea-
soning step, when step > 1, the intermediate supervision is formatted as <think>Got it, let’s continue.
{step_text}</think>.

B.4. Batch Inference

Algorithm 2 VTC-R1 Batch Inference

Input: batch of questions @ = {Q1, ..., Qp}; initial images {Zi", ... Z%i}; vision language model M ; system prompt
(Sv); rendering operator Ry; maximum iteration 7'
Initialize:
Active request set S < {1,..., B}
Current image sets Zy, < Zi" forall k € {1,..., B}
Final answers A « {0}2_,
fort =1toT do
if S = () then
break
end if
Batch Generation via vLLM:
Construct batch prompts P < {((S,), Qk,Zx) | k € S}
Obtain batch outputs: {Oy }res < M(P)
Update States and Render:
for each k € S do
if Oy, produces the final answer then
Ay, < ExtractAnswer(Oy,)
S + S8\ {k} {Remove finished request from active set}
else
Extract reasoning progress L Ry, from Oy,
Render reasoning into images: [ey < Ro(LR})
Update image history: Zy, < Zj U {Inew }
end if
end for
end for
if S # () then
Handle Time-out Requests:
for each k € S do
Ay, < ExtractAnswer(Oy,)
end for
end if
Output: set of final answers A = {A4;,..., Ap}

B.5. Case Study

The gray-shaded regions indicate reasoning steps that are performed by conditioning on images rendered from previous
reasoning segments. Examples 1-4 are provided below. Example 1 demonstrates further verification of a previously
obtained solution. Example 2 derives the final answer by summarizing completed prior reasoning. Example 3 performs
error correction and reflection based on contradictions identified in earlier reasoning, eventually reaching the correct answer.
Example 4 continues the reasoning process by building directly upon preceding reasoning steps. Collectively, these
examples demonstrate that our method can successfully leverage images as optical memory to support reasoning.
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Sthink»Okay. 5o | need to solve the equation 3~(2x) + 19 = 10" Hmm, et see. Fist, | should probably ty o simpliy
orrewrite the equation in 3 way that makes &t easier to handle. Let me write it down again: 3" {2x) +19 =
It 3°(2x) I the same a5 (3°x)°2. ight? S maybe | can It y = 3" x o sometting like that Let me try sunsmuung
Variables here, Let's sety = 3~{2x} would be y*2. S0 substituting into the equation, we get y~2 + 19 = 1
B 205 b ol 1o 10%0) i, bk 10 and 3 e firant bases, so maybe | need anather substtution e,
Alternatively, maybe | can set t = 10~x. Then, since 3~ {2x} is (3°x)~2, and 3~x is equal to (3~ {1/x})*x, but that might
107 then v 1og 1010, Thon, 3 {25 would b 3512 5610} Honr. that seems 5 b

=
F
T

Alternatively, maybe | can express both sides with the same base? But 3 and 10 are different primes, 5o that's not

straightforward. Maybe | can take logarithms of both sides? Let me see. If | take the natural logarithm of both sides, | get

In(3~{2x} + 19) = In(10~x). But that doesn't seem helpful because of the 3~ {2x} term. The logarithm of a sum is not the

sum of logarithms, 0 that might not wor

Alternatively. maybe | can rearrange the equation. Lt's subtract 10" from both sdes: 3~(2x} - 10°x + 10 = 0. Hmnm, but

this is a ecaus exponential functions with different bases. These types of

aquations Usualy Gonvt have Sowtons In ters of Slementary Funcions, S0 MayDe 1 Aoed 10 Use RUMECR! MeEhots o

graphing to find an approximate solution.

But nenm < Jumping tothat et me check i there are any integer solutions. Maybe x i an nteger. Lets try x = 1: 35 (241} +

Not equal. x = 2 = 100. Of si'Sox=2isa

Soiaion, Lot m Check x = 3 376 1152 72074 10 = 745, 1073 = 1000. Not caual, Sox = 3 s & sokon. Maybe here's

another solution?

Wait, let's check x = 0:30 + 19 = 1+ 19 = 20. 100 = 1. Not equal. x = -1: 3%{-2} + 19 = 1/9 + 10 = 19.111. 10~ {-1}

=0.1. Not equal. So x = 2 is a solution. Is there another solution?

Letme check x = LS: 3°(3) 4 19 = 27 + 19 = 46, 10~(1.5) = 31.62. Not equal. x = 2.5:3°(5) +19 = 243 4 10 = 262.

10 (2.5} = 316.23. Not equal. S0 maybe x = 2 is the only integer solution. But could there be another soluti

Wait, let's consider t e hameions LR 0 3 5 15 a9 = 107 We nacd e i xmhere fx) =

g(x). Let's analyze the functions.

First, f(x) is an exponential function with base 3~2 = 9, 50 it grows very quickly. g(x) is an exponential function with base

10, which aiso grows quicklybut slower than () since’s > 107 Wai, o, 10 s bigger than 9,50 actually 10" grows faster

than 9~x. Wait, 3~ (2x} is 9~x, right? S0 9~x vs 10~x. Since 10 > S, 10~x grows faster than 9~x. Therefore,

increases, q(x)wlll outpace flx). Bt 3t x = 0,(0) = 1+ 19 = 20, 9(0) = 1. 56 f{x) starts hgher. Then. 3¢ x increases, o(x)

starts to grow faster. Let's see where they cross.

We already saw that at x = 2, (2) = 100, g(2) = 100. Let's check x = 15: f(L.5) = 9°{1.5) + 19 = (9°(1)} * (9°{0.5)) +

10297310 =27 4 10 =145, (L.5) = 10" (1.5) = 31.62. o fx) s st gher here. AL x = 2. they cru. Let's heck x =
£(3) = 9~3 + 19'= 720 + 19 = 748. (3) = 1000. So here, g(x) is higher. So between x = 2 and x = 3, g(x) overtakes f(x).

35 Toaybe there's amotier croseing point)

Wait, but at x = 2, they are equal. Let's check x = 1. Let's see f(1) = 9 + 19 = 28, (1) = 10. 50 f(x) is still higher. At x = 2,

eaual. Then, at = 3 g(x) is higher. 5o perhaps there's another crossing point between x = 2 and x = 37 Wait, but atx = 3,

) s hgher. But maybe there's another crossing before x = 27 Lot checkx = 1. Let's see
s only one crossng at = 2

X = 2, f(x) is higher. So the equation f(x) = g(x) has exactly one solution at x

see. f(1) = 28, 9(1) = 10. So f(x) is higher. At x = 2, equal. Then, for x > 2. g(x) is higher.

S0 maybe X = 2 s the only solution? Wai but i there  possiblty o snather solution?

Wait, let's check x = 9~(0.5} + 19 = 3 + 19 = 22. g(0.5) = 10~{0.5} = 3.16. So f(x) is stil higher. At x =

T 25,500 1 10. 5 fn) s 2 igher AL x = 3, il Toen . 3. gte) 1o NG S5 syt theres oy e sohlen St x

= 2.8ut wait, let's check x = 2. Let me confirm again: 3~ {2+2]} + 19'= 81 + 19 = 100, and 10~2 = 100. 50 yes, x = 2is
jution.

But could there be another soluton? Let's see.Let me check x = 2 Let's sea. | plug in x = 2 both sides are 100, Let me try
=2 Lat me see i here's another crossing. For example, suppose x = 1. Let me compute (1,8) = 9715} + 19 =27 + 19

- 16 90 s)-n 62,50 (i) 15 Kl higher. At = 2. €qual: Them, x = 2.5 (2.5) = 9~ (2.5) 4 18 = 9°2 % 9~ (0.5) +19 =

T 1 = 365, 9125 = 10-(3.5) = 16,25, Sy here. 61 s Wgher. 5 betwoen x = 2.0nd X 3.5.olx
overiabes, r(x) Bk Since ot 5 3 ey are cqsal and then S ncresssn Foston s aybe there's anotber erosHing pomE?

.
Walt S, since fx) i 9%x and glx) i 107 and 10 > 9 then 10°x grows fasterthan 9°x for allx > 0. Therefore, once
960 avertakes ftx) at x = 2 it wil stay above. S the ony soiuton s x = 2. Walk, but et's check x = 0.: ()15 22. 90 is
15 gt A = 1 100 = 29, g = 10_ S 1) igher- At = 3 caual. 5o maybe = 2 5 e rty saotion.
B ek me Check w3 Lacs sce f e Pove mother soution, meye 10 % < 33 Lata ry % = 1 Lot set, 111 = 36 1) =
10, 50 f(x) s higher. x = 1. Lets check x = 1, Lot ses, Maybe x = 0. Let's check x = 0.1(0) = 1 + 19 = 20, 9(0) = 1 Softx)
iz igher. S0 maybe the anly soution s x = 2. But wait,let's check x = 2. Let me confirm once again. 3~(2°2) = 81, 81
10 = 100. 1 Yes, that works. So x = 2 is a solution. But could there be anather solution?
7% sappose tha Unere's Smether saluton. Lets set up the equaton again: 3~(2x) + 10 = 10" Lets reamange it as
378} -107x + 19 = 0. Let me denote u = 107, Then, 3~(2x) = (3"x)"2. But since u = 107, maybe we can relate
et 3o GOk 20 (A0 v S 110 410", Hmm, this seems s complicated,
Aernatively maybe express 37 (2x) as (3x)°2,Let's et y = 3°x. Then  equation becom o5y 107x
10*x can be written in terms of y. Since y = 3"x, then x = log 3(y). Theretore, 0% = 10~ iog 3} =y flog, 10N
Because 10+ (109,30 = e~ (nfi0) * nlyD) = y~ (INC1OVINGST) =y {10g. (101} Snsuusnnmng back info the-équation,
2419 =y (199 3(10)}, Hmm, tis seems even more complicated, Maybe this substittion 't helpfl
Alternatively, let's consider taking logarithms on both sides. Wait, but the equation is 3~ = 10%x. If 1 take the
aturai logarithm of both sdes, it becomes In(3" (24} + 19) = In10"x) = X (10). Buk R i 1aves the logarahem of a
m. which isn't helpf
iarmatecly, mayon | €an wrte 3~ (2x) as (3~¥)~2 and let 2 = 3x. Then, the equation becomes 27
e it 1 3. Snc & = 3on, them o = 100_ 3001 Thevetore: 10k = 20 log360) = 25 (g 30301} S0
substituting back, we have 22 + 19 = 2~ {log_3(10)}. This equation i stil transcendental and difficult to solve
algebraicaly. S perhaps we need to use numerical methods
Aernatively, maybe | can graph both functions = 3" (2x) + 19 ‘and y = 10~x and see where they intersect. Since we
already found x = 2 a5 3 soluion et's see Pimerrs anoiher ntersacson pone. Lovs by %o 0131 < 13 19 2 20321

y:.gns

iyl =81 419 = 100

1o, $25 100~ y;.vzsuq.vnsyz 100
= Fandx < 3.v2 overakeny; S 08y 1 19 Ban 16 = 20 10
e L B Sy e 2a )3 Righer heve. 5o thercis a trossng at .= 3, Lot theck If there's anatier srossing

before x = 2. Let'stry x = 1.5: y1 = 9°{1.5} + 19 = 27 + 19 = 46. y2 = 10~ {1.5} = 31.62. Soyl is still hlgher Atx =2,
equal So maybe only one crossing at x = 2. But let's check x = 1. Let's see, y1 = 28, y2 = 10. yl is higher. x = 0.5: y1 = 3 +
=22, y2 = 3.16. So y1 is higher. So seems like only x = 2 is the solution. Wait, but maybe mere s another solution for x <

0?

Wait, let's check x = -1: y1 = 3~{-2} + 19 = 1/9 + 10 = 19.111, y2 = 10~{-1} = 0.1. So y1 is higher. x = -2: yl - 3*{ a)

+19 = 0.0123 + 19 = 19.0123, y2 = 10~{-2} = 0.01. Still y1 higher. So for x negative, y1 is always higher than

Therefore, the only solution is x = 2. Wait, but let's confirm by testing another point. Let's try x = 2. Let's see, 3 (2'2) +19
=81+1 ,and 10~2 = 100. So that's correct. Is there another solution?

Alternatively, maybe we can use the Lambert W function. Let me recall that the Lambert W function is used to solve

equations of the form z = W(z) e~ {W(z)}. But | need to manipulate the equation into that form. Let me try to rewrite the

equation 3~ {2x} + 19 = 10"x. Let me set y = 10°x. Then, 3~ {2x} = (3°x)"2. Since y = 10”x, then 3~ x = (3/10)"x *

10°x = (3/10)"x * y. Therefore, 3~ {2x} = y"Z *(310)~{2x} =y~2* (3/10]"(2x) Wait, this seems complicated.

Alternatively, express 3” {2x} in terms of y. Since y = 10"x, then 3°x = (3/10)x * y. Therefore. 3° {2x]} = (3°x)2 =

[(3/10)~x * y1*2 = y~2 * (3/10)* {2x}. But (3/10) {2x} = (3°2/10°2)"x = ,9/100)'*;( Therefore, 3~ {2x} = y~2 *

(9/100)~ x. But 9/100 is 0.09, so 0.09"x. Hmm, this seems messy. Maybe this substitution isn't helpful.</think>

<think>Got it, let's continue. Alternatively, let me consider the function h(x) = 3{2x} -
10”x. We need to find when h(x) = -19. Let me analyze h(x). At x =2, h(2) =81 - 100 =
-19. So x = 2 is a solution. For x < 2, h(x) is positive (since 3*{2x} grows slower than
10”x but still positive?), and for x > 2, h(x) is negative. Wait, butatx =1, h(1) =9 - 10 =
-1.Atx =0, h(0) = 1- 1 = 0. Wait, h(0) = 0, h(1) = -1, h(2) = -19. Wait, that contradicts
my previous thought. Wait, no, hold on. Wait, h(x) = 3*{2x} - 10"x. Atx =0, h(0)=1-1
=0.Atx=1,h(1)=9-10=-1. At x =2, h(2) = 81 - 100 = -19. So h(x) is decreasing
from x = 0 onwards? Wait, h(0) = 0, h(1) = -1, h(2) = -19. So h(x) is decreasing. Then,
as x increases beyond 2, h(x) becomes more negative. So the function h(x) = 3A{2x} -
10”x is decreasing for x > 0. Therefore, there's only one solution at x = 2. Because once
h(x) is negative, it continues to decrease, so no other crossing. Therefore, x = 2 is the
only solution.\nTherefore, the answer is x = 2.\n**Final Answer** The solution is
\\boxed{2}.</think><answer>2</answer>

Figure 7. Example 1.

o | need to find the integer that's a multiple of 30 and can only be written using the digits 0.

a i et break this doun step b

Fret | emermber that & number divisble by 30 must be divisibie by both 3 and 10, Let me verify that. Yeah, 30 s 3 times.

10, 5o any mutile of 30 needs to satisty the divisibily rues for 3.and 10. Snce 10 2 factor, the number must end with &
r we come up with has to end wi 90od to know. So the last digit has to be 0. That means

the mmincs vl b Sommaining T 0 uhere the Siner g are

Now, the divisibilty by 3 rule i tha the sum of the cigits must be a mulhp!e 213. So.for example, f the number i 20, the

Sum is 2 +0 = 2. Which Isn't a multiple of 3. I it's 30, the sum is 3 + which is good. But 30 is a multiple of 30? Wait,

30 is 3 times 10, so yes, 30 is a multiple of 30. But can we write 30 with only 0s and 25? Wait, 30 has a 3 in it. So that's not
alowed. 50 30  out Then the next multple of 30 60, which has a 6, which i not allowed: Then 90, which has 2 9. So
none o pl thatare iave digits ather than 0 or 2. So we need fo look
at three-digit numbers or m

S0 the next step s 1 find the smallest  nmber composed of Os and 2 that ends with 3.0 and has  disit sum divsble by 3
Let's start checking numbers with mo

The smmaiost mumier with 0s and 25 encing with 0 is 20, Sum s 2 + 0 = 2, not divisibe by 3. Next is 220, Sumis 2 4.2 + 0 =
4, not divisible by 3. Then 200. Sumis 2 +0 + 0 = 2, nope. 2020: 2 + 0 4 2 + 0 = 4, stil not. 2000: sum is 2, nope. 2220
Simis2 42424026 0n6ls diisble by 3. So 3220, Wait, 2220 is a multple of 307 Let's check. 2220 divided by 301is
74. So yes, 2220 is a multiple of 30, But s 2220 the smalies sich number?

Wait, maybe there's a smaler number. Let's see. Lel numbers with three digits. The three-digit numbers poss

Wih cigit 0 and 2 are 200, 220, 202, 2020 (wat, thats fout Igs). Walt, no. Three digis: 200, 220, 202. But 200 enﬂs Yot
0, sumis 2. 220 sum is 4. 202 sum s 2 + 0 + 2 = 4. None of these are divisible by 3. So three digits don't work. S fol

digits. Let's check four-digit numbers,

Four-digit umbers with dgit 0 and 2 ening with 0. Sothe st digt i 0 the frst digkt can'tbe 0. So possble numbers
2000, 2002, 2020, 2023, 2200, 2202, 2220, 2222. Let's check ther digt 5

Sothe smallestamnnglr\ese s 3000, bk s 2. Then 2002: sum 4, 2020 sum 4, 202 sum 6, which s 202, Then 2200:
2220 sum 6, 2222: sum 8. So the smallestfour-dgit number s 2022. But walt. 2022 fs 2022.Is that

e
Wait, 2000 is smaller than 2022. But 2000's sum is 2. Then 2002 is 2002, which is smaller than 2022. 2002's sum s 4, which
isn't divisible by 3. Then 2020 is 2020, sum 4. Then 2022 is 2022. So 2032 is the first four-digit number with digits 0 and 2,
nd sum divisible by
8t wat, maybe there s a three-digit number that | missed. Wait tree-digit rumbers with digits 0 and 2 ending with 0. The
mbers would be 200, 220, 203, None of these have a digit sum divisible by 3. 50 2022 i the first candidate.
am ol maybe hares a Wait, no. largef
0 2022 is smaller than any five-digit number.
Wi, but 2022 i 2033, Lek me check if 2033 s indeed divisible by 30. 2022 divided by 30 i 67.4. Wait, that's not an
integer. Wal, so 2022 i not ivisile by 30. Wait hold on. Walt, 2022 dvided by 2 s 1011, which s an integer, o i's even.
Divided by 3 2032 onds with 8 3. 6 na. 50 2032 5 not GG by 5. Therelore, its not divisile by 30. 30 1y
garer. So even though the digit sum s 6, which i dviible by 3, the number isef isn't disible by 5. o €5 not veie by
0. Therefore, 2022 is.

20 ot s g pravious reasoning was flawed, if is divisible by 3, the end
with .0 to be divsble by 10. S0 2022 ends with 2 not 0, 50 ' nok 2 mulile of 10. Theretore, even though ' a e
931t not a mulile of 10; <0 not 2 multpie of 30. Therefore, my m
S0 e number Mt end it 2.0 Tnarefore. the o5t B 0. 5 the mamber is 0. S0 let's think again.
5o, we need a number composed of Os and 25, ending with 0, and the sum of digits divisible
S0t humer o Torm 0. here the precediog digts av 0s 3 35 Lot ek aboct how to consruct such a
number.
Let me consider the possible numbers:
Starting vt the smallest possible numbers.
Single-igit 0. But 0 not postive, 5o we need positive ntegers. o the next s 20, Sum 2 + 0 = 2, ot divisole by 3.
Twordigit 20, 0. BUE 02 Is ust 2, which is single-digit. 50,20 1 the only two-digit number with digis 0 and 2. Sum 2, not
dvisibie by 3

ree-di

it: 200, 220, 202, 2200 (four-didit). Wai m 2, 220: sum 4, 202: sum 4. None we
Four gt Labs chack fos-sgk umbars andimg with 0. So, e marer a0 whate the fresdiit s 2 or 0. Butsince its
a four-digit number, the first digit can't be 0. So possible numbers:

2000, 2002, 2020, 2022, 2200, 2202, 2220, 2222

Check thei igi sums:

+0+040=2
00310501273
2020:240424+0=4
2022:2404242=6
2200:242+0+0=4
2202:242+0+2=6
220:2424240-6
2222:242+4242

22 mar thecs, 2023, 2202, 2220 have digt sums divisible by 3. Now.check if they are divisible by 10. They all end with 0
50 they are divisible by 10. Therefore, they are divisible by 10. Ther if they are divisible ince the digit sum is
areacy divisible by 3, they are divisible by 3. Therefore, they are e by 30, S0 2033, 2302, 2320 ate a1 mttiples of
0. Now, which is the smallest
Campara 2022, 2202, 2220, The st is 2022 Sutwok. 2002 1 2022, whlch b four gk numbar. utls thers o
igit number? Watt, three-digit numbers can't end with 0 and have digits 2nd 2. The three-digit numbers with
e 3T aning with 0 are 300, 330, 303 None of these have 5 drgic cum GnAile by 3. 56 00; e 3. 3501

202: sum 4. So no.
So the next possible is four-digit numbers. The smallest four-digit number among the candidates is 2022. But wait, 2022 is
2022. But let's check 2022 divided by 30. 30 times 67 is 2010, 30 times 68 is 2040. So 2022 is between 30767 and 30768.
S0 2022 s not 2 multple of 30. Wait, but we thought that since the digit sum i 6, which is divisible by 3. and it ends with 0,
501t duvisible by 10 and 3, hence d _But that's not correct. Wait, the divisibility rules: a number is divisible by
if it ends with 0, an¢ le by 3 .fm e sum ofmgns is divisible by 3. Therefore, if a number ends with 0 and the sum of
dlglts is divisible by 3, hen e divsible by 30. But 2022 ends with 2, not 0. Wait, no! Wait, 2022 ends with 2. Wait, hold on.
2215 a four-digit number. Walt, 2022 s 2-0.2.2. S0 the last digit is 2. Therefore, It doesn't end with 0, so t's not
dhesite by 10. Therefore, it's not a multiple of 30. So my mistake was in thinking that 2022 ends with 0. Wait, no. Wait,
20225 2,0.2.2. So the last digit is 2. Therefore, it's not ending with 0. Therefore, my previous reasoning was wrong. 50 2022
is not a muitiple of 10, so not a multiple of 30. Therefore, even though the digit sum is 6, since it doesn't end with 0, it's not
divisible by 10, hence not divisible by 30. Therefore, my mistake. So | need to correct that.
Therefore, the numbers that are muitiples of 30 must end with 0. Therefore, the numbers we need are numbers composed
of 0 and 2 ending with O. with digit sum diisibe by 3. So let's re-examine the four-digit numbers ending with 0. So the
fourdigit numbers
2. 2020, 2022, 2200, 2202, 2220, 2222.
Frd unly those ending with 0. S0 2000, 2002 2020, 2022, 2200, 2202, 2220, 2222. Wat. but 2000 ends with 0, 2002 ends
wit the four-digit numbers ending with 0 are 2000, 2020, 2200, 2220. Because 2002 ends with 2,
2052 ends with 3, 2202 ends with 2. 3252 and with 3. So-anly 2000, 2020, 2200, 2220 are four-Gigh numbecs ending with
0. Let's check their digit sums:
12404040
2020:240424+0=4
20024240404
2220:24242+
o amang these, only - 2220 has  digit sum divisible by 3. S0 2220 is a four-digit number ending with 0 digit sum 6, <o
divisible by 3. Therefore, 2220 is By 30, Let's éheck 2220 divided by 30: 2220 1 30 = 74. 50 yes. 74 times 30 5
9320, Theretore, 352 & 2 ultpie o1 20, S0 3220t a canidate. Dot wat warter thought 2022 was a candidate, but that
was incorrect because it didn't end with 0. 5o 2220 is the first four-digit number ending with 0 with digit sum divisible by 3.
S0 2220 is 2220. Is there a smaller number?
Wait, let's check five-digit numbers. Wait, but five-digit numbers are larger than four-digit numbers, so 2220 is smaller than
any five-digit number. So 2220 is a candidate. But let's check if there's a three-digit number that | missed. Wait, three-digit
numbers ending with 0 are 200, 220, 202, None of these have cigt sums divisible by 3. S0 200: sum 2, 220: sum &, 202:
sum 4. So no. Therefore, 2220 is the smallest number composed of 0s and 25, ending with 0, with digit sum divisible by 3.
Thereore, 2320 is the answer
Wait but wait,le's check another angle. Maybe a number with more digits but smaller in value For example, 2000 is
four-digit number, but its digit sum is 2, not divisible by 3. 2020: sum . 2200: 4. 2220; sum 6. So 2230  the first one.
But lets check if there's a three-digit number. Wait, no, 50 2220 s the answer. Bt let me check anothar way. Maybe there's
a number with more digits but smaller. For example, 2020 i a four-digit number, sum 4. 2200 sum 4. 2220 sum 6. S0 2220
is the is the answer.
Wait, but let's check if there's a number with more digits but smaller. For example, 20000. Sum is 2, nope. 20002: sum 4.
20020: sum 2. 20200: sum 4. 20202 sum d. 20220: sum 6. Wait, 20220 is a five-digit number. Let's check: 2 + 0+ 2 + 2 +
0= 6. 50 20220. Is 20220 smaller than 22207 No, 20220 is a five-digit number, which is larger than 2220. S0 2220 is still the
smallest.</think>

<think>Got it, let's continue. Therefore, the answer is
2220.\n**Final Answer** The least positive integer multiple
of 30 that can be written with only the digits 0 and 2 is
\\boxed{2220}.</think><answer>2220</answer>

Figure 8. Example 2.
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(2673 - 8x73) + (-30x"2 + 120x"2) + (174x - 300x) + (-370 + 1000} = 0
Which s:
90x*2 - 126x + 630

5; =0
Multiply both sides by -1 to make the leading coefficient positive:
6x3 - 00x~2 + 126x - 630 = 0

Now, we can tryto factor this cubic equation. Let's check fo rational rosts using Rationsl Root Theorem. The possible
fational roots are factorsof 105 divided by factorsof 1, 50 x5, %7, £15,

S 0% 4213 108 = 27135 + 63105 = (27.135) + (63 105) = (-108) + (42) = 150 % O
5°3-15%542 42175 -105 = 125 - 15%25 + 105 -105 = 125 - 375 + 0 = -250 #0

343-735 + 42 = (343 +42) -735 = 385 735 = -350 0

773181772 42177 105 = 343- 15%49 + 147 -10
x=15: Probably too big, but let's

T e s 08 = 3305 <3375 + 315105 = 0 4+ 210 = 2
Hoorn. none of theea are working. Waik, bt we know from the previous mehod that the roots are x=3,5,7. So maybe | made
2 mistake in the expansion?

Wa eck the expansion again.
| equation: (x -3)°3 + (x-7)*

=(2x-10°3

eft side:
First term: (x -3)%3 = x~3 - 9x~2 + 27x 27
Second tem: (x -7)°3 = x*3 -21x"2 +147x -343

“30x~2 +174x -370. Correct.
Right side: (2x 1073 Let's expand o
1013 = (2473 270 4 3‘(Zx) i0)°2- 10)°3
i 010 4 3201001000
2 Bxn3 203 + b 2000, Cameet
So bringing ll terms to e
- Right = 0:
~3-30x°2 +174x 370 -8x"3 +120x"2 -600x +1000 =0

6x
12003 —a0x~2
174x -600x = -426x
370 +1000 =630
S0 equation: 6x°3 +90x"2 426x +630-0
Muliply by -1: 6x°3 90" 4
Divida by 55 x~3 18%°3 +71% 108-0
i ok previously | nad 603 18202 +21x -105)=0. Hmm, conflcting results. Walt, where did 1 go wrong?
Wait, in the first method, after substitution, we had 6y(y~2 -4]=0, which led to y=0.2,-2, hence x=5,7.3.
But in the second method, expanding directly, we ended up with equation x*3 -15x~2 +21x -105=0,
Walt 5o there's 3 discrepancy here. Which one is correct
let me check the second method again.

Left side: (c 3)73 4 (x7)°3 = 2x3 302 +174x 370
Right side: (2x -10)~3 =8x"3 -120x>2 +600x -
Set equal
2603730802 4174x 370 =8x"3-120x"2 +600x 1000
Bring all terms to et

3:30°2 +174x-370 863 4120x"2 -600x +1000=0

(BeB5kr3) + (3072 4120K72) + (174 6000 + (370 +1000)=0
Which i
51°3 49032 426x 4630=0
Multply by -1
-3 9002 4426 -630=0

315X +71x 10520
Walt, but in the first method, after substitution, we had 6y(y~2 -4)=0, leading to y=0,2,-2, which translates to x=5,7.3,
which are roots of the equation x*3 -15x~2 +21x -105=

But according to the second method, the cubic equation
Walt,lets check with x=3 in mm ‘Sauations.

First equation: x

T T8 a3 T0s = (37 139) + (63 -108) = (-108) + (42) = 15
Bl a1 3 o0t I the frst mthod. 53 hare st b misake n the second method.

Wait, that's confusing, How come =313 oot in the first method but not in the ‘Second? That can't be. There must be an
Wait, let's check the first method again.

is X~3-15x"2 +71x -105=

Wait, 50 which s correct?

Hlight side: (21013
ty =x-5 50x =

e AT

ight side: (2(y +) - 168 Z oy 110 10073 = 2%

Expanding left side:

(Y 42073+ [y 2073 = [y"3 +6y"2 +12y 48] + [y~3 -6y"2 +12y -8] = 2y~3 424y

<think>Okay, 50 | need to find the greatest possible siope of the line connecting points A and B. Point A is somewhere in or
on the square with comners at (0.0) and (2.2), and point 8 is somewhere in or on the square with comers at (4.2) and (5.3).
Hmm, let's start by visualizing these
Firs. the susca corkaing goli A s oppsts crmers ot (0.0) ar 221 That maaes the suaref fromacet to =2 an
y= be ak square including the edges Simiary,the square forpoint B has opposite
Lo o a3y o (53 Lo e Faore vt e comranstes o hat squors The x-coarcinates oo from 416 5. and
Y-Coordinates go from 2 to 3. S0, port B can be anywhere in that square as wel

e sloy een two points (x1, y1) and (x2. y2) is (y2 - y1}(x2 - x1). To maximize the slope, we need to maximize the
difference in the y-coordinates while minimizing the difference in the x-coordinates. Since the slope is rise over run, a larger

£ y=2), and the minimum - coordinate s 0. For
minimum x-coordinate is . Therefore if
that's only 1/4. But maybe there's

Yalts second, maybe | can ot a siespar sipe by chiooing pintsthatare not ot the comars Fornatance f pont A 5ot
(0.2) nd point B s at (5.3). but point B can't go beyond (5.3). Wait no.the square for 8 s from (4.2) o (5 int B
must be wihn or on e zquars. = the maxdmum x i S and the meximam y s 3. So. i take point A at {0 ) and point 8 at
5,3), the slope is (3 - 2)/(5 ‘Which Is tess staep tha not

Sitntuely AR oot AAC 0.3 e poIn B 3 (433, ot Vi Vmal ' Poke paint A a (2.2) and point 8 a (4.3 Then
the slope is (3 - 2)/(4 - 2) = 1/2. That's better. Wait, 50 1/2 is steeper than 1/d. But is that allowed? Let me check. Point A is
.2), 50 that's valid. Pom! Bis at (4,3), which is a corner of the square (4.2}

maximum x 8 is 5, and the minimum x A s 0. o, if we take x_8 = 5 and x A = 0. then the sope i (3 - 0/ -0) = 3/5 =
0.6. Wait, that's 3/5. But is that possitis?
Wait b poimt A s ot 0,0) e pornt 81 a (5. 31 But point Ais allowed to be anywhere within o on the square (0,0)to
(2:2),50 (6,0 s allowed. Point B 1 allowed to be anywhere within or an the square (4.2) £0 (5,3), 50 (5,3) i allowesi. o, the
590 would be (3- 013 -0 That's 0.6, which is steeper than 112. Wait 50 that's beter. But i that correct? Let e

Waie, point A can be at (0,0 which is a comer of ts square. Point B can be 3t (5.3), which s 2 corner f s square. S0, tha's
allowed. Then, the slope is 3/5. But is that the maximum possible? Let m
Alternativly, f we take point A at 0,0) and point 8 at (4.3), then the slope Is (3 - 014 - 0) = /4 = 0.75, That's steeper

0, (00) to 4,3). et me verfy. Paint A s at (0.0, which s allowied. Point B s at 4,3). which s
Sliowad 5o, Sope 8 3. OMid 34 That's 0.15. That'ssteeper than 375 s better.
Wait, but maybe even sicuner Lats see. pomt AL 3t{0,0)and point B st ) then slope 5 3/5 Butifpoint 8 s at
4:3), Which 144 units in and 3 units iny, <0 3/4. I poink & 15 a (4,3}, which is ailowed, then that's better. S0, 314 is better
A\(emmvely £ v take paint A st (©0)and point 8 £5(4.2), which s the minimum y for pornt 8. Then siope 15 2 - 0)(4 - 01
= /2. That's less steep. So.
Wl 50 66 iy T ol B 13, ar the minkmurn  fo polnt A 5 0. S, the maximum diference n y s 3 -
Then the x difference can be minimize. The minimum x diference is when x § is maximum and x A is minimum. So,
Gan'te s and x A can be 0, ging X dflerence o 5. Then, slape is /5. But 4and x_Alis 0, then x difference is 4,
Sope 1310 WhICh s Sreeper o, /4 hemar
irnatively. oI A s Bt (0.0) and pont § 1 at (4,3), which s allowed. S0, that ives a steeper sope. 5o, 3. But can we

a steeper slope:

Wait, what if we take point A not at (0,0)? For example, if point A is somewhere else in the square (0,0) to (22), but with a
lowery-coordinate? Wal, but f e take point A with 3 iowery-coordinate,then y.8 - A would be less. For example, f point
Al 3t(0.1);then . B- y A canbe up o 3- which is less than 3. So, that would decrease the siope. S0, to maximize

Simiary. for (g Bendrainator (x B -x Al to mieimize i we need point B t have the masmum x-coordinate (5) and poink A
to have the minimum x-coordinate (0). S6, x difference is 5 - 0 = 5. Then, slope is 3/5. But if we take point B at 4 instead of
5, then x difference s 4, which gives a steeper slope. So,

Wait, but point 8 can be at (4,3). So, if point A is at (0,0) and point B is at (4,3), then slope is 3/4. If point 8 is at (5,3), slope
is 3/5. So, 3/d is better.

But can we get 5 steeper slope? Let's see. Suppose we take polnk A not 3t (0.0) but at some other point where y. &

07 No, because pornt A 5 Wi o on The sauare (6.0, b (3.2) 5.3 caft b 165 toas 0. Simnarly. poirc 8 Cant bave
y 8 less than 2. So, the maximum possible y_B is 3, y_A s 0. So, e Shirence 13 e toke % Basdandx Aas 0, then x
difference is 4. 5o, slope is 3/

Alternatively, if point A is at (0,0) and point B s at (4.3), which i allowed. So, slope is 3/4. Is there  way to get a steeper

Wait. maybe f paint A e o (0,0) and point 8 s somewtere el n s square For example fpoint 81 2t (4.2), hich s the
mum oint B, then siope is 2/d = 172, Not bette. If point B st (5.3) slope is /5. If point 8 at (5.2, slope s (2 -

Y 5 e steep. So, the maximum slope from (0,0) is

lrrathvely.  bot A5 ot (5.0) e ot B s o€ 4.3 slope 1 374 If poit A s a (0,0 and paint B is at (53), sope Is /5

But waik, whatf point A is ot at (0,01 For example, i point Ais somewhere else inthe square (0.0) o (2.2, but with a
lower y-coordinate? Wait, but if point A has a lower y-caordinate, then y B - y A would be less. For exampie, if point A is at
(011), tnen y_B -y A can be at most 3 1 = 2, Which i less than 3. S0, hat would decrease the siope. Therefore, to
maximize the slope, point A should be at (0,0 wi

Similarly. for point §, to maximize y 8, it should be at (5.3) But f we take point B at (5,3) then x 8 s 5, which is the
maximum x. But if we take point B at (4,3), x_B is 4, which allows a smaller x difference. So, (4 - 0) = 4, which gives a
steeper siope.

Wl 0 s mrdimum sopots achieved whanput: A bt ,0) s ponk B b 5 (4.3). Lot e confin: ot The lope i (3 -
Q- 0) = 314 That's 0.75 s there a way to get a steeper so

Watt, maybe f e ake ot A ok ot (0.0 DUt sormenie et i s square, but with a lower y-<oordinate? Walt, but that
Would detrease the siope. Altermatively. f point A s at (0,0) and point & s somewhere else. WAt but point 8 is at (4,3). 1
point 8 is at (5,3), slope is 3/5. If point 6 is at (4,3). slope is 3/4. 50, 3/d is better

Alternatively, if point A s at (0,0) and point B is at (4,3), slope is 3/d. If point A is at (0,0) and point B is at (4,3), that's
allowed. So, that seems to be the maximum. But wait, let's check if there's another combination where the siope Is steeper.

Right side: 8y~3
So equation: 2y~3 +
Bring all terms to left 2y‘3 +sz 8y"3=0 = -6y"3 +2dy=0 - 6y(-y~2 +4)=0
50 solutions y=0. hersfore, x=5.7.3; These are roots of the squation (x ETRe 1x o 3- (2x -10)~3=0. So the cubic
uation must be (x -3)(x expand that
First (x300c5) ) Lels(ompute arc By et
~2-8x +15

Mulup\y by (x-7
(2 8 F18)(x7) = x*3 Tx~2 Bx"2 +56x +15x -105 = x~3 -15x~2 +71x-105
Ahl So the cublc equation s x3 -15x+2 +71x-105=0. But i the first method. we had y=0.2.2 keading to x=5.7.3. which

are roots of this equation. However, when we subs into the cubic equation x~3 71x 105, we get 27
17 105 & 57 135 363 105 = (27 +63)- (135 +105) = 80 240 = -150 #0. Wait, thaks ot 2ere, Bot e 3 root

method. What's going on here?

Wait, this is a contradiction. If x=3 is a root, then substituting into the cubic equation should yield zero, but it doesn't

hers must be 3 mistake in one of the metf

Wait, let's check the substitution method again. Let's compute the let side and right side when x=3.

Len sice (3 e ~3 =0+

Right side: (243 -10)°3 = (4) 3 = -64. So equation holds. So x=3 s a valid solution.</think>

<think>Got it, let's continue. But in the first method, when we set y =x -5, then x=3 corresponds to y=-2, which was a root of
6y(y”2 -4)=0, so y=-2 is a root, leading to x=3. So why is x=3 not a root in the second method?\nWait, when we did the second
method, we ended up with the cubic equation x*3 -15x"2 +21x -105=0. Let's check if x=3 is a root here.\n33 -15*312 +21*3 -105 = 27 -
135 +63 -105= (27+63) - (135+105)=90 -240= -150#0. So x=3 is not a root here. Therefore, there's a contradiction. So which is
correct?\nWait, let's check the original equation again with x=3.\nLeft side: (3-3)"3 + (3-7)*3 =0 + (-4)"3= -64\nRight side: (2*3 -10)"3=
(6-10)"3= (-4)"3= -64. So it's correct. Therefore, x=3 is a solution.\nBut according to the second method, x=3 is not a root. Therefore,
there must be an error in the second method. Let's see where.\nWait, let's go back to the second method:\nOriginal equation:\n(x -3)*3 +
(x-7)"3 = (2x -10)"3\nExpanding both sides:\nLeft side:\n(x"3 -9xA2 +27x -27) + (xA3 -21x"2 +147x -343) = 2x3 -30x"2 +174x -
370\nRight side:\n(8x"3 -120x"2 +600x -1000)\nBringing everything to the left:\n2x"3 -30x"2 +174x -370 -8x"3 +120x"2 -600x +1000
0\nCombine like terms:\n(2xA3 -8x3) + (-30x"2 +120x"2) + (174x -600x) + (-370 +1000;
6:\nx3 -15x"2 +71x -105=0\nBut when we plug x=3 into this equation:\n33 -15*32 +71*3 -105=:
(135+105)=240 -240=0. Wait, 27 +213 is 240, and 135 +105 is 240. So 240 -240=0. Therefore, is a root. Wait, so earlier calculation
was wrong. Let me recalculate:\nx=3:\nx"3=27\n15x"2=15*9=135\n71x=71*3=213\nSo 27 -135 +213 -105= (27 +213) - (135 +105)=240 -
240=0. Yes, correct. So x=3 is a root.\nWait, so why did | get confused earlier? Because | miscalculated. So x=3 is indeed a root. Then,
perhaps my earlier mistake was in the calculation steps. Let me check again.\nWait, the cubic equation is xA3 -15x2 +71x -105=0. Let's
factor this cubic equation.\nSince we know that x=3 is a root, let's perform polynomial division or use synthetic division.\nDivide x"3 -
15x2 +71x -105 by (x -3):\nUsing synthetic division:\n3 | 1 -15 71 -105\n 3 -36 105\n 1 -12 35 0\nSo the cubic factors
as (x -3)(x"2 -12x +35). Then factor the quadratic:\nx"2 -12x +35. Find two numbers that multiply to 35 and add to -12: -5 and -7.\nSo x*2
-12x +35=(x -5)(x -7). Therefore, the cubic factors as (x -3)(x -5)(x -7). Therefore, the roots are x=3,5,7. Which matches the first
method.\nTherefore, the roots are x=3,5,7. So both methods agree. Earlier ion was due to mi: ions. Therefore, the correct
roots are x=3,5,7 \nTherefore, the answer is x=3,5,7.\n**Final Answer** The roots are \\boxed{3}, \\boxed{5}, and
\\boxed{7}.\nAlternatively, if the problem expects a single boxed answer listing all roots, it might be written as \\boxed{3}, \\boxed{5},
\\boxed{7}, but typically for multiple roots, we can list them inside a single box separated by commas. However, standard practice is to
box each root separately if multiple. But since the user instruction says \"put your final answer within \\boxed{}\", perhaps we need to
present all roots in one box. However, standard practice in math problems is to box each root separately. But maybe the system expects
multiple boxes. Wait, looking back at the original problem: \"put your final answer within \\boxed{}\". The instruction is singular, so maybe
all roots in one box. Let me check the initial problem statement again.\nOriginal problem: \"Find the roots of (x - 3)*3 + (x - 7)*3 = (2x -
10)"3.\" So they are three roots: 3,5,7. The standard way to present multiple roots is either as a list inside a single box or each in
separate boxes. But since the user says \"put your final answer within \\boxed{}\", perhaps they want all roots in one box. However, in
many math problems, when multiple roots, they are listed within a single box separated by commas. So | think the answer should be
\\boxed{3}, \\boxed{5}, \\boxed{7} if multiple boxes are allowed, but since the instruction says \"within \\boxed{}\", maybe the system
expects all roots in one box. Let me check previous examples. For example, if the answer is multiple numbers, like 3,5,7, then in one box:
\\boxed{3, 5, 7}. Yes, that's the standard way. So | should write \\boxed{3, 5, 7}.\n**Final Answer** \\boxed{3, 5, 7}</think><answer>3, 5,
7</answer>

Figure 9. Example 3.

Suppose pint A s ¢ (0,0)and point s at (431 Sope s 4. Atematively f pont A s at (0.0) and point 8 1 a (5.3}, dope
is 3/5. If point Ais at (0.0) and point 8 is at lope is 3/4. f point A is at (0,0 and point 8'is at (5,3). slope is 3/5. S0, 3/4
ter

Alternatively, if point A s at (0,0) and point B s at (4,3), slope is 3/4. If point A is at (0,0) and point B is at (4.3), that's
allowed. So, that's the maximum.
Wat, but let's think again. The square for point A s (0,0) to (2,2), 50 the maximum y for point A is 2, but if we take point A at
(00) theny A s 0. which s allowed. Similarly, the sauare for point B s (4.2) to (5.3, 5o the maximum y for goint 8 i 3. So
tomaximize y B - y A, we need y_B as large as possible and y_A as small as possible. 50,y B = 3, y A =
lorge a5 paseile (47ane x A a0 2t 2 pacsiole 10 Thom i B - A =5 20 5, 50 slope s 75 BT x 5 4 an AT .
o farance s - 50 Siope 1 314, Wieh 1 steaper 5o, 3 s batter.
But f point B s at (4.3, which s llowed, then that's 3 valid poin. So the slope is 314. So is that the maximum?

ait, another thought. if point A is not at (0,0). but somewhere else in the square (0,0) to (2,2}, but with a lower
¥-codrdinate? But that would decrease y A which would decrease the numerator. So, nat's not helptul. Atematvely, i

X ,0) and point B s at (53], slope is 3/5. So, 3/4 is better.

Asrnatively. i point A s at 0.0) and pint 8 s at (4.3). which is owed: Sope s 34: ot A 1 3 (0.01 ong point B 15 3¢
5

Wait but et check another combination. Suppos pulnles 3t0.0) and poinc 8 s at (4.3) Sgpe s /4. If point As 3t (0.0
and point B is at (5.3). slope is 3/5. If point A is at (0,0) and point 8 is at (5.3), slope is 3/5. So, 3/4
Akarmately. F point A 1o Bt 5,0) 3nd PO B 5 B¢ (431 Sobe & 34. F PO A5 e (0.0) 3nd point B 5 5t 4.3), thats
allowed. So, that's the maximum.

Wait, but let's check another possibility. Suppose point A is at (0.0) and point 8 is at (4,3). Slope is 3/4. If point A is at (0.0)
and point B is at (5.3). slope is 3/5. If point A is at (0,0) and point 8 is at (4.3), slope is 3/d. If point A is at (0.0) and point B is
20(5:3). siope 1 3/5. S0, 314 is betier <Atnink>

it, let's continue. is there a way to get a slope greater than 3/5? Let's see. Suppose point A is at (0,0) and point B is at (4,3).
Slopn is 3/4. If point A is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is higher.\nWait, 3/4 is 0.75, and 3/5 is 0.6. So, 3/4 is higher. So, 3/4 is
better\nBut is there a way to get a higher slope than 3/4? Let's see.\nSuppose point A is at (0,0) and point B is at (4,3). Slope is 3/4. If point A is at (0,0) and
point B is at (5,3), slope is 3/5. If point A is at (0,0) and point B is at (4,3), slope is 3/4. If point A is at (0,0) and point B is at (4,2), slope is 2/4 = 1/2. If point A
is at (0,0) and point B is at (5,2), slope is 2/5 = 0.4. If point A is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is the maximum here.\nAlternatively, if
point A is at (0,0) and point B is at (5,3), slope is 3/5. If point A is at (0,0) and point B is at (5,3), that's 3/5. So, 3/4 is better.\nWait, but let's check another
combination. Suppose point A is at (0,0) and point B is at (4,3). Slope is 3/4. If point A is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is
better.\nAlternatively, if point A is at (0,0) and point B is at (5,3), slope is 3/5. If point A is at (0,0) and point B is at (5,3), that's allowed. So, 3/5 is less than
3/4 \nAlternatively, if point A is at (0,0) and point B is at (4,3), slope is 3/4. If point A is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is
higher.\nAlternatively, is there a way to get a steeper slope by moving point A not at (0,0) but somewhere else?\nSuppose point A is at (0,1) and point B is at
(4,3). Then, slope is (3 - 1)/(4 - 0) = 2/4 = 1/2. Less steep.\nlf point A is at (0,1) and point B is at (5,3), slope is (3 - 1)/(5 - 0) = 2/5 = 0.4. Less steep.\nif point
Alis at (0,1) and point B is at (4,2), slope is (2 - 1)/(4 - 0) = 1/4 = 0.25. Even less steep.\nAlternatively, if point A is at (1,1) and point B is at (4,3). Slope is (3 -
1)/(4 - 1) = 2/3 = 0.666. Less than 3/4.\nlf point A is at (1,1) and point B is at (5,3), slope is (3 - 1)/(5 - 1) = 2/4 = 1/2. Less steep.\nAlternatively, if point A is at
(0,2) and point B is at (4,3). Slope is (3 - 2)/(4 - 0) = 1/4 = 0.25. Less steep.\nAlternatively, if point A is at (0,2) and point B is at (5,3), slope is (3 - 2)/(5 - 0) =
1/5 = 0.2. Less steep.\nSo, it seems that the maximum slope is achieved when point A is at (0,0) and point B is at (4,3), giving a slope of 3/4. But wait, let's
check another combination.\nWait, what if point A is at (0,0) and point B is at (4,3). Slope is 3/4. What if point A is at (0,0) and point B is at (4,3). That's
allowed. What if point A is at (0,0) and point B is at (5,3). Slope is 3/5. So, 3/4 is higher.\nAlternatively, is there a way to get a higher slope by choosing point
A not at (0,0) but somewhere else?\nSuppose point A is at (0,0) and point B is at (4,3). Slope is 3/4. If point A is at (0,0) and point B is at (5,3), slope is 3/5.
So, 3/4 is better \nWait, but wait. Let me check if there's a point A not at (0,0) that can give a higher slope. For example, suppose point A is at (0,0) and point
Biis at (4,3). Slope is 3/4. If point A is at (0,1) and point B is at (5,3), slope is 2/5 = 0.4. Less. If point A is at (0,0) and point B is at (4,3), slope is 3/4. If point A
is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is higher.\nAlteratively, is there a point A not at (0,0) but at (0,1) and point B at (5,3). Slope is 2/5. Not
better.\nAlternatively, point A at (0,0) and point B at (4,3). Slope 3/4. Point A at (0,0) and point B at (5,3). Slope 3/5. So, 3/4 is higher.\nAlternatively, is there
a way to get a higher slope by choosing point A somewhere else?\nSuppose point A is at (1,1) and point B is at (4,3). Slope is 2/3 = 0.666. Less than
3/4.\nAlternatively, point A at (0,0) and point B at (4,3). Slope 3/4. That's the maximum so far.\nWait, but let's check another combination. Suppose point A is
at (0,0) and point B is at (5,3). Slope is 3/5. If point A s at (0,0) and point B is at (4,3), slope is 3/4. So, 3/4 is higher.\nAlternatively, point A at (0,0) and point
B at (4,3). Slope 3/4. If point A is at (0,0) and point B is at (4,3), that's allowed.\nAlternatively, is there a way to get a higher slope than 3/4?\nSuppose point A
is at (0,0) and point B is at (5,3). Slope 3/5. Less than 3/4 \nAlternatively, if point A is at (0,0) and point B is at (5,3). Slope 3/5. If point A is at (0,0) and point
Bis at (4,3), slope 3/4. So, 3/4 is higher.\nAlternatively, is there a way to get a slope higher than 3/4?\nWait, let's think of another approach. The maximum
slope would be achieved when the line from point A to point B is as steep as possible. Since point A is in the square [0,2]x[0,2] and point B is in [4,5]x[2,3],
the steepest line would be when point A is at the bottom-left corner (0,0) and point B is at the top-right corner (5,3). But wait, the top-right corner of the
square containing B is (5,3). So, if we connect (0,0) to (5,3), the slope is 3/5. But if we connect (0,0) to (4,3), which is a corner of the square containing B, the
slope is 3/4. So, 3/4 is higher. So, even though (5,3) is a corner of the square containing B, connecting to (4,3) gives a steeper slope.\nTherefore, the
maximum slope is 3/4.\nBut let me confirm once again. Suppose point A s at (0,0) and point B is at (4,3). Then, the line from (0,0) to (4,3) has a slope of 3/4.
If we try to make the slope steeper, we need a higher rise over a smaller run. The rise here is 3 (from 0 to 3) and the run is 4 (from 0 to 4). So, 3/4. If we
could have a rise of 4 and run of 1, that would be 4, but that's not possible here. Since point A can only go up to y=2, and point B can only go up to y=3. So,
the maximum rise is 3. The minimum run s 4 (from x=0 to x=4). S0, 3/4 is the maximum possible slope.\nTherefore, the greatest possible value of the slope
is 3/4.\n**Final Answer** The greatest possible value of the slope is 3H4}). (314}

Figure 10. Example 4.
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