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Abstract
The placement of normalization layers, specifi-
cally Pre-Norm and Post-Norm, remains an open
question in Transformer architecture design. In
this work, we rethink these approaches through
the lens of manifold optimization, interpreting
the outputs of the Feed-Forward Network (FFN)
and attention layers as update directions in op-
timization. Building on this perspective, we in-
troduce GeoNorm, a novel method that replaces
standard normalization with geodesic updates on
the manifold. Furthermore, analogous to learn-
ing rate schedules, we propose a layer-wise up-
date decay for the FFN and attention compo-
nents. Comprehensive experiments demonstrate
that GeoNorm consistently outperforms existing
normalization methods in Transformer models.
Crucially, GeoNorm can be seamlessly integrated
into standard Transformer architectures, achiev-
ing performance improvements with negligible
additional computational cost.

1. Introduction
Recent years have witnessed remarkable progress in Large 
Language Models (LLMs) (Brown et al., 2020; Ouyang 
et al., 2022; Touvron et al., 2023), driven primarily by the 
exponential growth of training data and model parameters. 
This advancement is reflected in substantial improvements 
across language modeling (Fedus et al., 2022; Puigcerver 
et al., 2024; Jiang et al., 2024; Meta; Liu et al., 2024; Team 
et al., 2025) and computer vision (Riquelme et al., 2021; 
Lin et al., 2024). Within the Transformer architecture, the 
choice of normalization function, such as Pre-Norm and 
Post-Norm, is irrelevant, as it has no impact on training 
stability, model performance, or gradient flow.

Currently, Pre-Norm has become the predominant choice
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in modern LLMs due to its favorable stability properties 
(Liu et al., 2024; Yang et al., 2025; Jiang et al., 2024). In 
contrast, Post-Norm (Popel & Bojar, 2018; Shazeer & Stern, 
2018), which applies normalization after the addition of 
the residual connection, was originally introduced in the 
Transformer and facilitates the training of deeper networks. 
However, it is often prone to training instability and loss 
spikes (Wang et al., 2024). Pre-Norm was subsequently pro-
posed to improve stability by applying layer normalization 
to the residual branch before the addition operation (Nguyen 
& Salazar, 2019). Nonetheless, Pre-Norm introduces imbal-
anced gradients, with lower layers tending to receive larger 
updates than higher ones (Wang et al., 2024). To address 
these limitations, recent methods have sought to enhance 
stability and enable extreme model scaling. DeepNorm 
(Wang et al., 2024) stabilizes training and improves perfor-
mance through better parameter initialization and residual 
scaling. Meanwhile, SandwichNorm (Ding et al., 2021; Yin 
et al., 2025) introduces additional normalization layers at 
the network’s input and output. While these approaches 
demonstrate strong empirical results, they generally lack a 
unified theoretical framework for analyzing normalization 
functions in Transformers.

In this work, we interpret the operations x + 
FFN(x) and x + Attention(x) as noise injections 
steps on a sphere, where FFN(x) and Attention(x) 
are unrelated to any gradient direction. From this 
perspective, each Transformer layer can be viewed as per-
forming an iterative optimization step within a dynamical 
system: token embeddings act as the initial state, while the 
attention and feed-forward modules generate update direc-
tions based on the current iterate. The normalization opera-
tor then projects the updated vector back onto a constraint 
set, specifically, the sphere defined by the normalization 
radius. Building on this formulation, our contributions are 
threefold:

• Theoretical Framework: We introduce a theoreti-
cal framework for analyzing normalization in Trans-
formers. Here, x is treated as the current point, while
FFN(x) and Attention(x) are interpreted as the up-
date direction in optimization.
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• GeoNorm Normalization: We propose GeoNorm,
a novel normalization function that replaces conven-
tional schemes by leveraging geodesic and Riemannian
optimization on the sphere, leading to improved per-
formance.

• Extensive Empirical Validation: Through compre-
hensive experiments across varying training lengths,
datasets, and model sizes, we validate the effectiveness
of GeoNorm. Additionally, we demonstrate its scala-
bility and generalization on large-scale datasets with
downstream task evaluation.

2. Related Work
Normalization Function The original Post-Norm archi-
tecture, first introduced in the Transformer model (Popel & 
Bojar, 2018; Shazeer & Stern, 2018), applies layer normal-
ization to the sum of the identity term and the residual output. 
While Post-Norm facilitates the training of deep networks, 
it can suffer from instability and exhibit sharp loss spikes 
(Wang et al., 2024). In response, the Pre-Norm variant 
(Nguyen & Salazar, 2019) modifies the residual connection 
by applying layer normalization directly to the identity term 
before the addition, leading to improved training stability. 
However, this often results in imbalanced gradient magni-
tudes, with lower layers receiving larger gradients compared 
to higher layers (Wang et al., 2024). To further enhance 
stability and enable scaling to significantly greater depths, 
DeepNorm (Wang et al., 2024) introduces refined parameter 
initialization and residual scaling. Another approach, Stand-
wichNorm (Ding et al., 2021; Yin et al., 2025), incorporates 
normalization layers at both the network input and output 
alongside the identity connection. Although these methods 
have empirically demonstrated strong performance, they 
currently lack a comprehensive theoretical framework for 
analyzing the underlying normalization mechanisms.

Gradient Descent. The stochastic gradient descent (SGD)
(Bottou, 1998) is an iterative optimization method with the 
gradient. Based on the SGD, there is SGD with momen-
tum (Rumelhart et al., 1986) which use the momentum of 
previous gradient. Adagrad (adaptive gradient algorithm)
(Duchi et al., 2011) is a modified stochastic gradient descent 
algorithm with per-parameter learning rate. The RMSProp 
(Graves, 2013) multiplies the learning rate for a weight by 
a running average of the magnitudes of recent gradients 
for that weight. Adam (Kingma & Ba, 2017) run averages 
with exponential forgetting of both the gradients and the 
second moments of the gradients are used.

Optimization Method. The Geodesic optimization is re-
lated to the optimization on the manifold (Kingma & Ba, 
2017). Riemannian Steepest Descent Method extends the

classic gradient descent to optimize functions on curved
spaces (manifolds) (Debye, 1909) by following the path
of steepest decrease, using the Riemannian gradient (the
projection of the standard gradient onto the manifold) and
a retraction to map steps back onto the manifold. Rieman-
nian Newton’s method (da Silva et al., 2025) adapts classi-
cal Newton’s method for optimization problems on curved
spaces (Riemannian manifolds). The Riemannian Conju-
gate Gradient method (Hestenes et al., 1952) extends the
conjugate gradient method to a manifold. For the retraction
relation method, they will calculate the gradient and map the
result back to the manifold. The geodesic-based methods
(Zhang & Sra, 2016) use the gradient descent method on the
geodesic of the manifold.

3. Method
3.1. Post-Normalization in LLMs

Beyond the well-recognized attention and feed-forward net-
work modules, modern LLMs rely critically on normaliza-
tion to stabilize training and inference as depth increases.
Let xk denote the token representation after the k-th Trans-
former layer. A Transformer layer with post-normalization
can be written as

x̃k = Norm(xk + Attn(xk)),

xk+1 = Norm(x̃k + FFN(x̃k)),
(1)

where Attn(·) and FFN(·) denote the attention and feed-
forward modules, and Norm(·) is the normalization operator
(typically RMSNorm followed by rescaling to preserve the
vector norm).

From this formulation, we may view the Transformer layer
as performing an iterative optimization step in a dynamical
system. The token embeddings serve as the initial state,
while the attention and feed-forward modules produce up-
date directions based on the current iterate xk. The normal-
ization operator then projects the updated vector back to a
constraint set, specifically, the sphere defined by the normal-
ization radius ∥xk∥. This interpretation closely mirrors the
projected optimization scheme:

xk+1 = ProjΩ(xk + αksk), (2)

where sk is an update step determined by past iterates
{x0,x1, · · · ,xk}, αk represents the step size, and ProjΩ(·)
denotes projection onto the feasible region Ω. Equation (2)
includes a wide range of classical optimization algorithms
such as projected gradient descent.

From this perspective, (1) corresponds to the special case
where the feasible region Ω is the sphere in the Euclidean
space induced by ℓ2-norm, and the projection ProjΩ(·) is
simply vector normalization. Thus, each Transformer layer
applies an unconstrained update followed by a projection
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back to the sphere, aligning post-normalization Transform-
ers with the general class of optimization algorithms that
incorporate projection to enforce constraints. This connec-
tion motivates replacing the projection step with a more
geometrically informed operation, such as the exponential
mapping, in the subsequent section.

3.2. Geodesic-Inspired Transformer Design

Geodesic-based optimization methods are known to pos-
sess several structural advantages over projected gradient
approaches, particularly when the feasible region Ω is a
smooth manifold (e.g., spheres, Stiefel/orthogonal matrices,
low-rank matrices, or fixed-rank positive semi-definite ma-
trices). Traditional projected methods handle constraints by
alternating between Euclidean optimization and projection
back onto the feasible set. While simple to implement and
interpret, this extrinsic approach discards geometric infor-
mation that the projection step can significantly distort step
sk, introduce unexpected kinks in the optimization trajec-
tory, and degrade convergence due to repeated violations
and corrections of feasibility. These issues are amplified
when the feasible region is a smooth manifold, where the
curvature causes projected steps to deviate substantially
from the true directions. In contrast, geodesic-based opti-
mization circumvents these limitations by performing up-
dates intrinsically on the manifold. By following geodesics
or retraction paths, each iterate remains feasible without
projection, and the search direction corresponds to the Rie-
mannian step under the manifold metric. As a consequence,
geodesic-based methods typically exhibit smoother opti-
mization trajectories, improved conditioning, and stronger
convergence guarantees compared to their projected coun-
terparts. These observations motivate our modification of
the Transformer model from projection-based schemes in
(1) to a geodesic-based formulation.

In geodesic optimization, the core idea is to modify the step
direction sk in a manner consistent with the geometry of the
manifold Ω, ensuring that every iterate remains on Ω. This
is achieved through the exponential map expx(·). Consider
a smooth manifold Ω with tangent space TxΩ := {v :
x⊤v = 0} at point x. For any tangent vector v ∈ TxΩ,
there exists a unique geodesic γv(t) satisfying

γv(0) = x, γ′
v(0) = v.

The exponential map at x is then defined as expx(v) =
γv(1). We refer readers to Riemannian optimization litera-
tures (Zhang & Sra, 2016; da Silva et al., 2025) for formal
definitions and properties of exponential mappings. For a
general manifold Ω, the exponential map is implicit and
rarely available in a closed form, which limits the practical
adoption of geodesic-based methods due to the computa-
tional cost of evaluating expx(v). However, in our setting
(1), the manifold is the sphere, where the exponential map

is explicit and computationally efficient.

Let Ω be a sphere embedded in Euclidean space with the
standard induced Riemannian metric. Given a point x ∈ Ω
and a tangent vector v ∈ TxΩ, the exponential map admits
the closed-form expression

expx(v) = cos

(
∥v∥
∥x∥

)
x+ ∥x∥ sin

(
∥v∥
∥x∥

)
v

∥v∥
. (3)

Given an update direction s for x, we first project it to the
tangent space:

v = s− x⊤s

∥x∥2
x,

and then update the representation intrinsically via the ex-
ponential map x + expx(v). Specifically, (2) is modified
to

vk = sk − x⊤
k sk

∥xk∥2
xk,

xk+1 = expxk
(αkvk).

(4)

Exponential mapping interprets the update as moving along
the geodesic determined by the update direction, producing
a smooth, norm-preserving, and curvature-informed trans-
formation between states.

These observations motivate us to replace the projection-
based normalization in (1) with a geodesic-inspired normal-
ization based on the exponential map (3). More specifically,
we reformulate the post-normalized Transformer layer (1)
as

sk = Attn(xk),

vk = sk − x⊤
k sk

∥xk∥2
xk,

x̃k = expxk
(αkvk),

s̃k = FFN(x̃k),

ṽk = s̃k − x̃⊤
k s̃k

∥x̃k∥2
x̃k,

xk+1 = expx̃k
(αkṽk),

(5)

where the update directions sk and s̃k are produced by
the attention and feed-forward modules, vk and ṽk are
their tangent-space projections, and {αk} is a prescribed
sequence of step sizes. In contrast to the standard post-
normalization, which abruptly projects the updated repre-
sentation back to the sphere, the update in (5) moves in-
trinsically along the geodesic determined by the residual
direction.

Step-size selection is an important component of geodesic
optimization. Classical choices include constant step sizes
for geodesically convex and smooth objectives (αk ≤ 2

L ,
where L is the gradient Lipschitz constant), polynomially
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diminishing step sizes for stochastic Riemannian optimiza-
tion, and Barzilai–Borwein (BB) step sizes for accelerated
variants. Since the token representations in Transformer
layers evolve under stochastic transformations, arising from
dropout, token generation sampling, autoregressive random-
ness, and the non-deterministic interaction of multiple to-
kens, we model the layerwise dynamics as a stochastic Rie-
mannian optimization process. Accordingly, we adopt a
polynomially decaying step size of the form αk = α

k0.5

(named as sqrt), which theoretically achieves the O( log k
k )

convergence rate for stochastic Riemannian gradient meth-
ods (da Silva et al., 2025). Also we could also have αk = α

k

(named as harmonic) and αk = α(T−K)
T (named as linear,

and T is the total layer number).

In the proposed method (5), we keep the attention and FFN
modules unchanged and modify only the post-normalization
step. Instead of applying a projection via the normalization
operator Norm(·), we adopt the exponential map inspired
by geodesic Riemannian optimization. Our intuition is that
projection-based normalization may destroy certain geomet-
ric structure in the update directions sk and s̃k generated
by the attention and FFN modules. Projection forces the
representation back onto the sphere by discarding the radial
component abruptly, potentially altering the intended direc-
tion of motion. In contrast, the exponential map preserves
the intrinsic geometry of the sphere: it transports the tangent
vector faithfully along the geodesic without the directional
distortions introduced by renormalization. This allows the
model to follow the spherical manifold structure naturally,
maintaining richer geometric relationships between the cur-
rent representation xk, the attention update sk, the FFN
update s̃k, and the curvature of the underlying feature space.
Comparing the classical Transformer update (1) with our
geodesic formulation (5), we note that the exponential map
adds negligible computational overhead. Its closed-form
expression involves only basic vector operations and intro-
duces no additional trainable parameters. Consequently, our
method integrates seamlessly into existing LLM architec-
tures without modifying the core Transformer blocks, and
is computationally efficient.

3.3. Pre-Norm with GeoNorm formulation

Moreover, we find that Pre-Norm can be regarded as a spe-
cial case of GeoNorm (as shown in Appendix B), as it fol-
lows an update scheme similar to (5), with the corresponding
mapping in (3) but with non-adaptive angles. This interpre-
tation is further supported by empirical results, where the
two formulations exhibit comparable performance.

In summary, we interpret Transformers as Riemannian flows
of token embeddings evolving on a spherical manifold.
Replacing projection with geodesic-informed exponential
updates in (5) enables representations to move smoothly

along circles on the sphere, leading to more coherent and
curvature-aware information propagation across layers.

4. Experiment
Baseline. We compare the proposed GeoNorm with the
Dense model and normalization. To be specific, we evaluate
GeoNorm against normalization methods, including Pre-
Norm, Post-Norm, DeepNorm and SandwichNorm. The
implementation of GeoNorm is in Appendix D.

Datasets. Our analysis involves training language models
on the Arxiv and Books3 datasets, which are frequently used
benchmarks for evaluating model performance. Moreover,
we train the model on the large-scale dataset FinWeb-Edu
(Lozhkov et al., 2024) and evaluate on downstream datasets,

Experiment settings. Initially, we compare GeoNorm
with other baselines at training lengths 512 and 1024, using
decoder-only Transformers (Brown et al., 2020) with model
size 125M, whose configuration is shown in Appendix A.
Subsequently, we evaluate the performance of larger model
sizes, specifically 350M and 1.3 B.

4.1. Compare with baseline

GeoNorm achieves better performance, with different
datasets. As shown in Figure 1, to evaluate the general-
ization capability of the proposed method, we conducted
experiments across two distinct datasets, Arxiv and Books3,
using a fixed training length of 512. The results demon-
strate a clear and consistent performance hierarchy. On
the Arxiv dataset, GeoNorm establishes a strong lead with
a final loss of 1.8792. This outperforms the closest base-
line, Pre-Norm (1.9032), as well as Post-Norm (1.9240),
DeepNorm (1.9277), and SandwichNorm (1.9126). Cru-
cially, this pattern of superiority is not an artifact of a single
data distribution. It is robustly replicated on the Books3
dataset, where GeoNorm again achieves the optimal loss of
3.4040, maintaining a decisive margin over all alternative
normalization methods. The fact that GeoNorm secures
the top position on both datasets, which represent different
textual domains and complexities, provides compelling evi-
dence that its architectural advantage is not dataset-specific.
Therefore, we conclude that GeoNorm offers generalizable
improvements, delivering reliably better performance across
diverse data environments.

GeoNorm achieves better performance, with different
training lengths. The performance of GeoNorm demon-
strates consistent superiority across varying training lengths
on the Books3 dataset. At a training length of 512,
GeoNorm establishes an immediate lead, achieving an opti-
mal loss of 3.4040. This already surpasses the results of all
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Figure 1. The performance of different methods on the Arxiv and Books3 dataset, with model parameter 125M.

comparative baselines, including Pre-Norm (3.4437), Post-
Norm (3.4855), DeepNorm (3.4708), and SandwichNorm
(3.4604). Crucially, this initial advantage is not merely
maintained but is significantly amplified when the training
duration is extended. At the longer training length of 1024,
GeoNorm again records the best possible loss of 3.2534.
More importantly, the performance gap separating it from
the nearest competitor widens considerably at this scale;
while Pre-Norm achieves a loss of 3.2847, the other meth-
ods fall even further behind. Therefore, the superiority of
GeoNorm is both robust and generalizes effectively across
key experimental parameters.

GeoNorm is consistently better across the validation
steps. The evaluation of training dynamics reveals that
GeoNorm maintains a consistent performance advantage
throughout the entire validation schedule. At the initial vali-
dation step (5000), GeoNorm establishes an early lead with
a loss of 4.0642, which is superior to all baseline methods.
This advantage is not transient; from step 5000 through
50000, GeoNorm continues to achieve the lowest loss at
every measured interval, demonstrating stable and sustained
optimization. The fact that GeoNorm leads at the beginning,
maintains the lead throughout, and finishes with the best
performance provides strong evidence that its architectural
benefits are robust across all training phases. Therefore, we
conclude that GeoNorm consistently delivers better perfor-
mance, showcasing reliable convergence and optimization
stability.

4.2. Performance on Large Model

The GeoNorm achieves the best performance with larger
model size. As shown in Figure 2, the performance of
GeoNorm demonstrates consistent superiority across in-
creasing model sizes. For a 350M parameter model, it
achieves the best loss of 3.2837, compared to 3.3233 (Pre-
Norm), 3.3775 (DeepNorm), and 3.3598 (SandwichNorm).
Scaling to 1.3B parameters, GeoNorm again leads with
a loss of 3.1759, while the next best baseline, Pre-Norm,
achieves only 3.2067. These results confirm two key points:
first, GeoNorm delivers the best performance at every tested
scale, and second, its performance advantage persists and
even improves relative to alternatives as model size grows,
showcasing its scalability.

GeoNorm consistently achieves the best performance
across the validation steps. GeoNorm also shows stable
performance throughout training, maintaining the best vali-
dation loss at multiple checkpoints. At validation step 5000,
the 350M GeoNorm model achieves the lowest loss, and this
advantage persists at step 50000. The same pattern holds for
the 1.3B model, which outperforms baselines from early to
late validation steps. These results confirm that GeoNorm’s
performance advantages are robust across different training
stages.
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Figure 2. The performance of different baselines on the Books3 dataset, with model parameter 350M and 1.3B, training lengths of 512.
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Figure 3. The performance of different baselines on the Books3 dataset, with model size 125M and training length 2048 and 4096.

4.3. Performance on Long Training Length

The GeoNorm keeps the best performance with longer
training length. As shown in Figure 3, our results demon-
strate the consistent superiority of the GeoNorm method
across different training lengths. At a length of 2048, it
achieves the best performance with a loss of 3.1538, outper-
forming Pre-Norm, DeepNorm, and SandwichNorm. Ex-
tending the training length to 4096 further improves its
performance to a loss of 3.0908, while maintaining its lead
over all baseline methods. This dual finding—performance
improvement with extended training and sustained superi-
ority—confirms that GeoNorm not only provides the best
initial results but also retains its optimal performance advan-
tage as training progresses.

The training of GeoNorm is stable, while others may
have a loss spike. With a training length of 4096, the post-
norm presents the loss spike and ruins the model training.
On the other hand, the GeoNorm training is relatively stable.
Therefore, GeoNorm training is relatively stable, while oth-
ers (e.g. Post-Norm) may have a loss spike and the training
process will collapse.

4.4. The Effect of decay method

The GeoNorm with Hormonic Decay achieves better per-
formance. As shown in Figure 4, the proposed GeoNorm

method demonstrates significantly enhanced performance
when utilizing the harmonic decay scheduling mechanism.
Across multiple benchmark datasets, this configuration con-
sistently yields state-of-the-art results. Specifically, on the
Arxiv dataset, GeoNorm with harmonic decay achieves a
loss of 1.8792, establishing a new performance benchmark.
This represents a substantial improvement over alternative
configurations, with the second-best performing method at-
taining only 1.8817. The performance improvement is even
more pronounced on the larger and more complex Books3
dataset, where GeoNorm with harmonic decay records a loss
of 3.4048, again outperforming all competing approaches.
These empirical results collectively demonstrate that in-
tegrating harmonic decay scheduling with the GeoNorm
imprroves the performance.

The Hormonic Decay achieves the best performance
across the validation steps. On the Arxiv dataset, with
the validation step 5000, the GeoNorm achieves 2.2943
loss, which is the best performance, compared to Pre-Norm,
DeepNorm and SandwichNorm. With the validation step
increased to 50000, the GeoNorm still achieves the lowest
loss. Similarly, the GeoNorm achieves the best performance
on Books3 dataset from the validation step 5000 to 50000.
Therefore, the GeoNorm achieves the best performance
across the validation steps.
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Figure 4. The performance of different decay methods on the Arxiv and Books3 dataset, with model parameter 125M, training lengths of
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, where k is the current layer index and T is the total layer number.
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Figure 5. The training dynamic with loss metrics, with model parameter of 125M, training lengths of 512 and the Books3 dataset.

4.5. The Analysis of Training Dynamics

The GeoNorm achieves better performance across the
training steps. As shown in Figure 5, the GeoNorm
method establishes a decisive performance advantage early
in the training phase, as evidenced by its significantly lower
loss metrics. This initial lead is not merely temporary;
GeoNorm demonstrates remarkable stability by maintain-
ing its optimal performance throughout the entire training
cycle without degradation. In direct comparison, the Pre-
Norm baseline is consistently outperformed, confirming that
GeoNorm’s superiority is a persistent and defining charac-
teristic of the training process from initialization to conver-
gence.

The GeoNorm has faster loss reduction. The training
dynamics reveal a significant loss gap with a peak value of
0.2. Crucially, this gap does not persist due to instability
but consistently narrows as training progresses, converging
to a much smaller final value of approximately 0.05 by the
end of the run. This relatively large divergence indicates
that the GeoNorm method successfully reduces its loss at a
markedly faster rate during the training phase compared to
the baseline, suggesting more efficient optimization.

Broader Impact Statement
This work focuses on improving the Transformer architec-
ture, which may be helpful for better performance of the
Transformer and further understanding of the Transformer.
And it should be noted that this work should not be abused.

5. Conclusion
This work presents a unified view of Pre-Norm and Post-
Norm through the lens of manifold optimization. Build-
ing on this formulation, we introduce GeoNorm, a novel
approach that leverages geodesic optimization to improve
model performance. We conduct a comprehensive evalua-
tion of GeoNorm, testing it across multiple datasets, varying
sequence lengths, different model sizes, and a range of
downstream tasks. By advancing the theoretical understand-
ing of normalization mechanisms, this research provides a
foundation for subsequent innovations.
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A. Model Configuration
All experiments are conducted on 8 GPUs. The 125M and 350M model configuration is the following.

Table 1. Model Configurations.

125M 350M

Training sequence length 512 512
Batch size 32 32

Number of iterations 50k 50k
Dropout prob. 0.0 0.0

Attention dropout prob. 0.0 0.0
Attention head 12 16

Feature dimension 768 1024
Layer number 12 24

Optimizer Adam Adam
Optimizer parameter betas [0.9, 0.95] [0.9, 0.95]

Learning rate 6e− 4 3e− 4
Precision float16 float16

B. Geodesic Optimization for Pre-Norm
Let xk denote the token representation after the k-th Transformer layer. A Transformer layer with Pre-Norm can be
expressed as:

x̃k = xk + ϕ
(
Norm(xk)

)
, (6)

where ϕ(·) denotes either the attention module Attn(·) or the feed-forward network FFN(·), and Norm(·) represents a
normalization operator (typically RMSNorm).

Let x0 = x be the initial input. After k layers of the Transformer model with a standard Pre-Norm, the representation can
be written as

xk = x+ ϕ1

(
Norm(x)

)
+ ϕ2

(
Norm(x1)

)
+ · · ·+ ϕk

(
Norm(xk−1)

)
. (7)

This is obtained by recursively applying

xk = xk−1 + ϕk

(
Norm(xk−1)

)
, (8)

for each layer index k. Here, for simplicity, we use ϕk(·) to denote the attention and feed-forward module at the k-th layer.
At the output of the final layer, an additional normalization operation is applied:

FinalOutput = Norm(xk) . (9)

We consider a widely used normalization method, namely RMSNorm, which is scale-invariant and normalizes vectors to
have norm

√
D, where D denotes the hidden dimension. Specifically,

Norm(v) =
v

∥v∥
√
D. (10)

As a consequence, for any scalar c > 0,

Norm(cv) =
cv

∥cv∥
√
D =

v

∥v∥
√
D = Norm(v), (11)
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showing that RMSNorm is invariant to positive rescaling. Hence, we have

Norm

(
xk√
k + 1

)
= Norm(xk). (12)

This implies that, under RMSNorm, dividing the representation by scalars such as
√
k + 1 has no effect on the final

normalized output.

In standard Pre-Norm architectures, the norm ∥xk∥ typically grows with depth k due to the accumulation of residual updates
in (8). While one might attempt to control this growth by rescaling xk (e.g., dividing by

√
k + 1) prior to normalization,

such scaling is entirely eliminated by RMSNorm.

Complete Derivation of Alternative Scaled Update From the recursive update in (8), we observe that

xk√
k + 1

=

√
k√

k + 1

xk−1√
k

+
1√
k + 1

ϕk

(
Norm

(
xk−1√

k

))
.

Denote xalt
k as xk√

k+1
, we obtain the alternative scaled update rule

xalt
k =

√
k√

k + 1
· xalt

k−1 +
1√
k + 1

· ϕk

(
Norm(xalt

k−1)
)
, k ≥ 1 (13)

with initialization xalt
0 = x0.

Equivalence After RMSNorm The final output of the Transformer model with RMSNorm is given by:

FinalOutput = RMSNorm(xk) = RMSNorm
(
xalt
k

)
, (14)

which follows directly from the scale invariance of RMSNorm. Consequently, instead of analyzing the original dynamics xk,
we may equivalently consider the rescaled sequence xalt

k , which admits the same final output up to a scalar normalization.

The update scheme in (13) shares the formulation with (3), with inadaptive angles θ = arccos
( √

k√
k+1

)
. In contrast, the

proposed GeoNorm allows the adaptive angle, depending on the step size αk, the current state xk, and the update direction
sk. This is convincingly more practical and reliable in manifold optimization. We further verify the Pre-Norm and our
GeoNorm interpretation and their output equivalence by conducting experiments on comparing their outputs. The following
table shows the similar performance of Transformer models using Pre-Norm and Equation (13), which further supports the
equivalence of these two formulations.

Table 2. The performance of different formulations of Pre-Norm update, with training length 512, Books3 dataset and loss metric.

Method Seed 5K 10K 15K 20K 25K 30K 35K 40K 45K 50K

xk + ϕ(Norm(xk)) 1234 4.1470 3.9028 3.8555 3.7488 3.6815 3.6434 3.5865 3.4906 3.4904 3.4437√
k√

k+1
· xk + 1√

k+1
· ϕ(Norm(xk)) 1234 4.1443 3.9012 3.8533 3.7491 3.6795 3.6454 3.5868 3.4894 3.4898 3.4430

xk + ϕ(Norm(xk)) 1235 4.1618 3.9471 3.8361 3.7779 3.6850 3.6297 3.5751 3.5354 3.4751 3.4548√
k√

k+1
· xk + 1√

k+1
· ϕ(Norm(xk)) 1235 4.1643 3.9500 3.8377 3.7784 3.6885 3.6307 3.5752 3.5347 3.4738 3.4543

xk + ϕ(Norm(xk)) 1236 4.1537 3.9082 3.8357 3.7429 3.6990 3.6268 3.5140 3.4809 3.4542 3.4364√
k√

k+1
· xk + 1√

k+1
· ϕ(Norm(xk)) 1236 4.1540 3.9070 3.8378 3.7417 3.7002 3.6286 3.5152 3.4816 3.4572 3.4381

xk + ϕ(Norm(xk)) mean 4.1542 3.9194 3.8424 3.7565 3.6885 3.6333 3.5585 3.5023 3.4732 3.4450
std 0.0061 0.0197 0.0092 0.0153 0.0076 0.0072 0.0318 0.0237 0.0148 0.0076√

k√
k+1

· xk + 1√
k+1

· ϕ(Norm(xk)) mean 4.1542 3.9194 3.8429 3.7564 3.6894 3.6349 3.5591 3.5019 3.4736 3.4451
std 0.0082 0.0218 0.0073 0.0158 0.0085 0.0075 0.0314 0.0234 0.0133 0.0068

Taken together, the theoretical analysis and experimental evidence suggest that Pre-Norm can be interpreted as a special case
of GeoNorm with a fixed, depth-dependent angle. This perspective also sheds light on the empirical stability advantages of
Pre-Norm over Post-Norm. In particular, Pre-Norm implicitly introduces a form of step size decay through its normalized
residual structure, whereas Post-Norm lacks such a mechanism. From an optimization perspective, this absence may lead to
instability or divergence when step sizes are not carefully controlled, explaining the commonly observed loss spikes and
training collapse in Post-Norm Transformers.
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C. The Effect of Clamp Value

Table 3. The performance of different clamp values for the implementation in Appendix D

Model 5K 10K 15K 20K 25K 30K 35K 40K 45K 50K

π/2 4.0650 3.8464 3.8096 3.7072 3.6341 3.6060 3.5471 3.4537 3.4531 3.4092
π/4 4.0642 3.8423 3.8076 3.7018 3.6317 3.6003 3.5427 3.4486 3.4511 3.4040
π/8 4.0641 3.8501 3.8145 3.7140 3.6471 3.6141 3.5544 3.4638 3.4631 3.4182

D. Implementation Details
In this section, we present the implementation of the proposed GeoNorm module in PyTorch.

from tqdm import tqdm
import numpy as np

import torch
import torch.nn as nn

class GeoNorm(nn.Module):
def __init__(self,clamp=torch.pi/4, method_name="harnomic"):

super().__init__()

self.scale=nn.Parameter(torch.tensor(1))
self.bias=nn.Parameter(torch.tensor(0))
self.clamp=torch.pi/4
self.method_name=method_name

def forward(self,x,g,layer_number,layer_total):
"""
x: residual;
g: ffn(x) or attn(x);
layer_number: the current layer index, from 0,1,2, 3 to layer_total-1
layer_total: layer total number.
"""
gradient = g - (x * g).sum(dim=-1,keepdim=True) / (

torch.norm(x, p=2, dim=-1, keepdim=True)
** 2) * x

tangent_norm = torch.norm(gradient, p=2, dim=-1, keepdim=True)
safe_tangent_norm = torch.clamp(tangent_norm, min=1e-8)
unit_tangent = gradient / safe_tangent_norm

R = torch.norm(x, p=2, dim=-1, keepdim=True)
safe_R = torch.clamp(R, min=1e-6)
theta = torch.clamp(safe_tangent_norm / safe_R, max=self.clamp)
if self.method_name=="harmonic":

theta_attn = torch.clamp((theta* self.scale +self.bias) / (layer_number +
1) , max=self.clamp)

elif self.method_name=="linear":
theta = torch.clamp((theta* self.scale +self.bias)*(layer_total-

layer_number) / (layer_total) , max=self.clamp)
elif self.method_name=="sqrt":

theta = torch.clamp((theta* self.scale +self.bias) / math.sqrt(
layer_number + 1) , max=self.clamp)

output = x * torch.cos(theta) + unit_tangent * safe_R * torch.sin(theta)

return output
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