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Abstract

Transformer scaling law analyses typically treat
parameters as interchangeable; an abstraction that
accurately predicts loss-compute relationships.
Yet, in sub-billion-parameter small language mod-
els (SLMs), embedding matrices dominate the
parameter budget. This work argues that this
allocation is as suboptimal as it is counterintu-
itive. Leviathan is an architecture with a continu-
ous embedding generator to replace the discrete
lookup tables of canonical models. Evaluating
on the Pile dataset under isoparametric settings,
Leviathan consistently outperforms a standard,
LLaMA-style architecture. By means of an empir-
ical power-law fit, Leviathan exhibits a markedly
superior effective parameter capacity. Across the
regime studied, Leviathan behaves as a dense
model with 1.47 to 2.11 X more parameters.

1. Introduction

The Transformer (Vaswani et al., 2017) has become the foun-
dation of modern Al, powering breakthroughs in language
(Brown et al., 2020; OpenAl, 2024), vision (Dosovitskiy
et al., 2021; Carion et al., 2020) and multimodal learning
(Alayrac et al., 2022; Reed et al., 2022). Since its intro-
duction in 2017, countless architectural improvements have
been attempted. With the desire for longer and longer con-
text windows N, the O(N?) Attention mechanism has been
placed squarely in the crosshairs (Beltagy et al., 2020; Dao
et al., 2022; Zaheer et al., 2021; Child et al., 2019; Xiong
et al., 2021; Tay et al., 2021; Choromanski et al., 2022).
There have even been attempts to entirely replace the Atten-
tion mechanism with multilayer perceptrons (MLPs), albeit
primarily for vision tasks (Tolstikhin et al., 2021; Liu et al.,
2021).
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By contrast, the static embedding matrix has received com-
paratively less scrutiny. In Large Language Models (LLMs)
with standard vocabularies these parameters are often negli-
gible. However, this assumption becomes increasingly frag-
ile in emerging regimes; in Small Language Models (SLMs),
particularly when paired with high-cardinality tokenizers,
and omni-modal World Models tokenizing heterogeneous
inputs ranging from visual patches to proprioceptive states.

To this end, this work introduces Leviathan, a Transformer
incorporating a Separable Neural Architecture (SNA), as
introduced in (Batley et al., 2025), that replaces the discrete,
high-cardinality lookup table with a continuous token gen-
erator. In this embedding layer, Leviathan parameterizes
the embedding space as a smooth surface, mapping tokens
to a low-dimensional coordinate grid that is subsequently
projected into the hidden space via a separable, continu-
ous generator module. This approach allows the model to
capture high-rank semantic interactions with O(¥/V - D)
parameter scaling, breaking the linear dependency between
vocabulary size and model capacity.

In controlled experiments on the Pile dataset (Gao et al.,
2020), Leviathan produces a consistent downwards shift on
the parameter-loss frontier across the 60-420M parameter
regime. Whilst the generator incurs a moderate through-
put overhead (23 — 51%, decreasing with scale) the gains
in sample efficiency outweigh this overhead. In particu-
lar, Leviathan exhibits an effective capacity 1.5 to 2.1x
its actual parameter count. Notably, at the 421M scale,
Leviathan achieves the validation loss of a =~ 725M pa-
rameter dense model. Furthermore, within the investigated
domain, Leviathan exhibits a consistently steeper scaling
behavior both in parameters and samples when reasoning
layers are held fixed. Leviathan often continues to grow its
advantage as training progresses.

2. Background

Parametric Efficiency of Scaling The foundations of
modern neural scaling laws (Kaplan et al., 2020; Hoffmann
et al., 2022) rest on the assumption of parametric inter-
changeability: that a parameter added to depth is a param-
eter added to width at efficient frontiers, ceteris paribus.


https://arxiv.org/abs/2601.22040v1

A Separable Architecture for Continuous Token Representation in Language Models

This abstraction, however, breaks down at the boundaries
of small scale and large vocabularies. In the regime of
Small Language Models (SLMs, sub 10B parameters), the
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enizer such as GPT-2’s has a vocabulary exceeding 50,000.
For a small model with hidden dimension D = 1024 this
embedding matrix alone demands 50M parameters. In a
100M parameter model this “lookup table” taxes half of the
model’s capacity. The output head, typically the same size,
would tax the remaining half of the 100M-model’s capacity,
leaving no room for reasoning through Transformer depth.

Weight Tying The standard approach to addressing this
“vocabulary tax” is to share weights between the input em-
bedding and pre-softmax output layer, a process known as
tying (Press & Wolf, 2017; Inan et al., 2017). Whilst this
recovers half the parameter budget, enabling the construc-
tion of a deeper model with the same memory footprint,
it imposes a both philosophically inobvious and rigid con-
straint. In particular, that the geometry of the recognition
space (input) is identical to the geometry of the predic-
tive space (output). These roles are, however, functionally
asymmetrical. Empirical work has demonstrated that input
representations can often be hierarchically compressed with-
out degrading performance, whilst the output head benefits
from substantially higher expressive capacity (Baevski &
Auli, 2019). This suggests that the input lookup table acts
as a low-capacity retrieval mechanism, whilst the output
head serves as a high-rank projection onto the probability
manifold (Yang et al., 2018).

Factorization Another approach is via factorization of
the input embedding matrix. Most notable here is AL-
BERT (Lan et al., 2020), which decomposes the matrix
into three low-rank matrices of shape V' x £and € x D, £
< D. This reduces the parameter count from O(V-'D) to
O(V- &€+ £ - D), but imposes a strictly linear bottleneck
between token identity and representation. Also note that
this count remains linear in V. This forces token relation-
ships to occupy a low-rank linear subspace which may limit
the model’s ability to represent high-order semantic inter-
actions. Whilst Leviathan similarly imposes a form of rank
bottleneck, it learns a continuous, nonlinear generator func-
tion. Furthermore, unlike factorization-based approaches,
Leviathan removes linear dependence on V' entirely.

Continuous Token Representations The transition from
discrete lookup tables to continuous generators is, in part,
motivated by the success of implicit neural representations
(INRs) in computer vision and signal processing (Sitzmann
et al., 2020; Mildenhall et al., 2020). In language modeling
itself, attempts at using character-wise convolutions (Kim
et al., 2015) or hashing mechanisms (Svenstrup et al., 2017)

retained discrete sub-structures.

However, the emergence of Separable Neural Architectures
(SNAs) in (Batley et al., 2025; Park et al., 2025) provides a
smooth primitive for efficiently modeling high-dimensional
data under rank constraints. This structure has further been
demonstrated as a separable network head driven by a con-
tinuous latent space (Batley & Saha, 2026). Leviathan,
named for the Hobbesian ideal of imposing order upon a
state of nature, adopts this functional approach to language.
Vocabulary is parameterized as coordinates within a continu-
ous representation space, moving away from the assumption
of token independence that lookup tables, even factorized
ones, carry. This inductive bias allows the model to in-
terpolate representations, potentially offering a principled
way forward towards handling unseen tokens, or expanding
vocabularies without the need for re-training.
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Figure 1. The generator module, replacing the standard dense input
embedding matrix.

3. Architecture

3.1. A Continuous Token Generator

Leviathan’s core innovation is its replacement of the discrete
embedding matrix £ € RV *? with a separable generator
function G : {0,...,V — 1} — RP. The representation
learning process is composed of three distinct stages: la-
tent compositional indexing, B-spline basis expansion and
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tensor-product aggregation.

Latent compositional indexing This stage factorizes the
vocabulary V into a latent coordinate grid of k£ dimen-

[W —‘ Each token of
index ¢ is then deterministically mapped to a coordinate

sions. One defines a base b =

(1, ..,1) using a base-b decomposition. Each element
of this coordinate indexes into k& shared latent codebooks
C1,...,Cy € RP*dsced that are learned. The resulting vec-

tors are summed to produce a seed z € Rdseed | g0 that,

k k

2(i) = Cfiy] = ;c kuL—J mod b} G))

r=1

This induces the parameter compression of the indexing
stage from O(V') to O (k W) The produced seed z(7) is

projected into a latent space via a dense layer then to the
unit hypersphere by means of a layer normalization LN(-).
Finally, a sigmoid activation maps everything to the unit
hypercube. This latent coordinate is Z € [0, 1]%eed.

B-spline basis expansion This stage constitutes the main
philosophical departure from other approaches to token em-
bedding; Z(7) is treated as input to a function approximator
rather than a static vector. In particular, this function ap-
proximator seeks to learn a smooth surface M in the latent
space. Following the KHRONOS architecture (Batley &
Saha, 2025; Sarker et al., 2026), each dimension r of the
latent space is modeled by a (univariate) B-spline basis
expansion ¢, ().

Tensor product aggregation A rank-1 separable com-
ponent, a mode, is constructed by a tensor product
Hfz;’" ¢r(x). This produces smooth and global, i.e. full-
dimensional, structure but lacks expressivity. With M such
modes, the model’s ansatz for this surface takes the form

M dsced

M(@) =Y T ¢rjlar). )

j=1 r=1

It is noteworthy that this structure is a universal approxi-
mator under standard conditions (formal proof via Stone-
Weierstrass is provided in Appendix A). A final dense layer
projects the aggregated modes with a residual connection
from the initial seed projection to ensure stable gradient

flow
Mi(Z:)
e; = Wout ( . > + WhresZ;- 3)

MM(iq)

Thus each token ¢ generates an embedding e;. In contrast
to discrete embedding tables in which parameters are iso-

lated to specific indices; here the weights W, are token-
agnostic, a property of the surface. This encourages the
model to encode structure and similarity within the surface.

3.2. Full Model Architecture

The embeddings produced by the generator e; are fed into
a decoder-only Transformer backbone. To isolate the effi-
cacy of this generator from other confounding architectural
variables, adopted is a modern “LLaMA”-style specification
(Touvron et al., 2023) henceforth referred to as the Dense
control.

Transformer Backbone Specification In the experiments
that follow, the network depth L is the control enabling
isoparametricity, ceteris paribus. Fixed component blocks
employ a pre-layer normalization, known for enhanc-
ing training stability at increased depths (Xiong et al.,
2020). For positional injection, Rotary Position Embed-
dings (RoPE) (Su et al., 2023), the contemporary choice,
are applied to the query and key matrices at each attention
layer. The attended outputs are again layer-normalized be-
fore projection and extraction in a high-dimensional feature
space, contemporarily 4 x D, the hidden dimension. This
stage utilizes a dense feed-forward network with SwiGLU
(Swish-gated Linear Unit) activation functions (Shazeer,
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Figure 2. Leviathan architecture, highlighting the replacement of
the input embedding matrix with a generator module.
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2020).

The final hidden states hj, are layer normalized and pro-
jected out to the vocabulary size V' via a final dense clas-
sification head W,ss € RP*V. Leviathan decouples to-
ken embedding and classification akin to untied-weight net-
works. However, the implications of this design choice are
compared both with tied and untied networks in Section
4. All models are trained using the standard next-token,
cross-entropy loss objective.

4. Experiments

Leviathan effectively decouples the number of input embed-
ding parameters from vocabulary size. This architectural
shift, compared to untied weights, recovers capacity to be
reinvested into the “brain” of the model. For the sake of
clean experimentation prioritizing ceteris paribus, in head
to head comparisons between Dense and Leviathan models,
the hidden dimension D is held fixed. Isoparametricity is
thus restored by increasing Leviathan depth L. To this end,
the following evaluation framework is designed to disentan-
gle the benefits of the generator from the benefits of depth.
In particular, the two regimes of focus are

* Iso-body: Both Dense and Leviathan configurations
share an identical Transformer brain (depth, width and
number of heads). This regime isolates the represen-
tational capacity of Leviathan’s generator input with
untied output head against a standard tied embedding
table.

* Isoparameter: the parameter savings afforded by
Leviathan’s generator (relative to the input embedding
in an untied model) are not reinvested into its brain
in a depth dividend.

All experiments use the 0200k _base tokenizer. This vo-
cabulary is larger-than-typical for an SLM, but reflects con-
temporary practice in World Models and multilingual sys-
tems. Large vocabularies also implicitly widen the effective
context window by reducing sequence length. This choice
is intentional: in this regime the vocabulary tax becomes
a practical bottleneck Leviathan is explicitly designed to
address.

ALBERT-style factorized embeddings were also considered
as a potential baseline. However, e.g. in the upcoming
Leviathan-60M model the generator contains only ~ 2.5M
parameters. Given the large vocabulary size, matching this
with ALBERT would require a bottleneck of around 12, an
unrealistically constrained regime. To this end, it is apparent
that the tied-weight, iso-body experiment serves as a more
conservative baseline.

4.1. The Representational Prior: Iso-Body Analysis

In this regime, the Transformer brain is identical for both
models, asking: what is the effect of replacing a tied dense
embedding with a generator-based input head?

Whilst the Leviathan generator introduces a marginal param-
eter overhead, the observed gains significantly exceed what
would be predicted by canonical scaling laws (Kaplan et al.,
2020; Hoffmann et al., 2022) for such a small increase in
the number of parameters, N. As shown in the left panel of
Figure 3, Leviathan is Pareto dominant at the data-efficient
frontier, all models having been trained on approximately
20x N tokens.

The right panel of Figure 3 illustrates the magnitude of this
effect; it is substantial. Leviathan achieves between a 6.7%
and 18.1% reduction in validation perplexity, the measure
of a model’s effective uncertainty over the next token, across
scales.

Holding the Transformer architecture and training proto-
col fixed isolates the structural contribution of the input
representation itself. That this representation’s expressive
power grows as its overhead diminishes supports the hypoth-
esis that the generator facilitates more effective parameter
sharing across the vocabulary than tied dense embeddings.

4.2. The Depth Dividend: Isoparametric Analysis

In the previous analysis, depth was strictly controlled. In
practice, however, architectures are typically rather con-
strained by parameter budgets. Since, compared to an un-
tied baseline, Leviathan saves parameters on embeddings,
one may reinvest those into depth. At the 109M scale, for
example, compared to the shallow 6-layer Dense baseline,
this surplus is transformative: Leviathan’s isoparametric
specification is an ultra-deep, 52-layer network.

To interpret the following results, the Dense-equivalent ef-
fective size of a model is defined. As described in Section
5, the untied Dense baseline is treated as a reference family
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Figure 3. (Left) The parameter-loss Pareto frontier under iso-
body control. (Right) Percentage reduction in validation perplexity
achieved by Leviathan relative to the tied Dense baseline.
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Figure 4. Parameter allocation across components for untied Dense
and Leviathan models under fixed parameter budgets. Leviathan
reallocates input parameters from embeddings into deeper reason-
ing layers.

to which an empirical scaling law is fitted. This provides
a mapping between parameter count and validation loss
for the baseline architecture £(NV). For a Leviathan model
achieving a validation loss £*, its “effective size” is defined
as the inversion of this law Ncq(L£*). This construction
uses the Dense scaling curve as a calibrated “ruler” for ex-
pression performance differences in “units” of parameter
budget. Under this interpretation, N¢, quantifies ipso facto
how much larger a Dense model would need to be in order
to match Leviathan’s performance.

Figure 5 visualizes the consequence of this structural shift
over a range of model scales from 109-421M. As shown in
the right panel, Leviathan outperforms its parameter count
across the board. This effect peaks at the 109M scale, with
the model achieving a validation loss equivalent to a dense
model of 230M parameters, an effective size multiplier of
2.11. Even at the 421M scale, where the relative embedding
tax is lower, Leviathan maintains a substantial 1.72x effec-
tive size advantage - corresponding to a 724M parameter
dense model. This empirically reinforces the concept of a
“depth dividend”; the reinvested parameters contribute more
to reducing loss.

4.3. Second Descent: the Overtraining Payoff

Contemporary training regimes for Small Language Models
have shifted away from compute-optimal (Hoffmann et al.,
2022) towards “overtraining” (Grattafiori et al., 2024). A
critical question is, therefore, how Leviathan performs in

[ 8

324 “~ol 8001 Leviathan ;
» ‘\ = 1.72x
] \ o it
= N 4001
c 31 (7 1.69x
2 : 2 ® 4
§ \\\ § 200+ 1.i7x
g 281 -e- Dense S E 2.11x

—o— Leviathan 1004
100 200 400 100 200 400 800

Parameters, M Actual Parameters, M

Figure 5. (Left) The parameter-loss Pareto frontier under isopara-
metric control. (Right) Effective Dense-equivalent size inferred
from a fitted Dense parameter scaling law.

this long-horizon regime.

Figure 6 plots the relative perplexity decrease in Leviathan,
compared to its concomitant dense baseline, over the course
of training. It is notable that this advantage increases, ap-
proximately monotonically, with tokens seen. Furthermore,
this advantage does not plateau at the compute-optimal fron-
tier rather continuing to increase. This effect is most no-
table in the iso-body control setting (left). This is most
pronounced in the 60M-class, where Leviathan’s advantage
continues to grow even into the 100x N-tokens-seen regime.
In Leviathan-138M, similar continuous growth is seen even
at 40 x N tokens seen. It is worth noting that this reduction
is not greatly spread across scales: even Leviathan-410M
achieves a near-20% reduction in perplexity, despite gains at
larger scales typically being substantially harder to obtain.

In the isoparametric control setting (right) where Leviathan
“reinvests” parameters into depth, the divergence is more
spread across model classes. Smaller models exhibit larger
relative gains whilst larger models maintain a consistent,
but decreasing, advantage. Despite this, Leviathan-190M’s
reduction in perplexity continues to grow well into the “over-
training” regime, up to 60 x IV tokens seen.
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Figure 6. Perplexity reduction (%) of Leviathan models relative to
their paired Dense baselines as a function of tokens seen. (Left) iso-
body runs with matched Transformer backbones. (Right) isopara-
metric runs: matched parameter budgets. Vertical dashed lines
mark 20 x N tokens seen.
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Table 1. Experimental setup for the iso-body runs.

MODEL PARAMETERS SETUP

D L H
DENSE 57,600,512 256 6 4
LEVIATHAN 60,185,912 256 6 4
DENSE 138,287,416 512 8 8
LEVIATHAN 138,897,208 512 8 8
DENSE 267,210,240 768 12 12
LEVIATHAN 270,057,784 768 12 12
DENSE 406,611,968 1024 12 16
LEVIATHAN 409,590,584 1024 12 16

Table 2. Experimental setup for the isoparameter runs.

MODEL PARAMETERS SETUP

D L H
DENSE 109,097,144 256 6 4
LEVIATHAN 108,514,616 256 52 4
DENSE 172,988,856 384 8 6
LEVIATHAN 171,728,440 384 39 6
DENSE 238,973,624 512 8 8
LEVIATHAN 239,658,808 512 32 8
DENSE 421,299,384 768 12 12
LEVIATHAN 421,151,032 768 28 12

4.4. Model Configurations

The evaluation focuses on the Small Language Model (SLM)
regime, spanning from 60-420M parameters. In this window
embedding matrices greatly tax model capacity from 20 —
50% in tied models to potentially well over 90% in untied
models.

All models employ a decoder-only Transformer backbone
with identical architectural components discussed in Sec-
tion 3.2 (pre-layer normalization, RoPE, SwiGLU feed-
forward layers). Each configuration pairs up a Dense and
Leviathan model with width D and number of Attention
heads H matched. Depth L is either held fixed (iso-body
with Dense weights tied) or increased in Leviathan (isopara-
metric with Dense weights untied) until isoparametricity is
nearest restored. Aside from L in the isoparametric case
and Leviathan’s generator module replacing the input em-
bedding matrix, all else both architectural and in matters of
training is held equal.

Tables 1 and 2 summarize all eight model configurations:
the four iso-body and four isoparametric, respectively.
4.5. Training Protocol

Optimization Models were implemented in JAX/Flax
(Frostig et al., 2018) and trained from scratch using AdamW

(Loshchilov & Hutter, 2019) with gradient clipping. Every
model is trained with a sequence length of 512 and a batch
size of 512.

Data Models were trained on the Pile (Uncopyrighted)
(Gao et al., 2020) using a streaming dataloader with shuffle
buffer of 10,000 sequences to randomize the data distri-
bution. Input text was tokenized using the 0200k _base
tokenizer in tiktoken (OpenAl, 2023), used in GPT-40 and
4o-mini models. This tokenizer is of cardinality 200,018
but is padded to V' = 200,376, a perfect cube, 593. This
motivates k£ = 3, also a balanced choice. Each token i is
thus mapped to a three-dimensional coordinate (i1, iz, i3)
via base-59 decomposition. This reduces the vocabulary
footprint on indexing parameters from 200,376 to 177, a
greater than 1,100x compression.

Crucially, for every matched Dense-Leviathan pair, token
streams were identical. Each model was trained on the same
sequence, in the same order, at every optimization step.

Generator Hyperparameters The SNA-based genera-
tor uses a fixed set of hyperparameters across all runs. In
particular, the generator takes a seed dimensionality of
dseea = 128. This 128-dimensional space is target of basis
expansion. Each univariate B-spline basis is defined over
a grid of 32 knots, aggregated over M = 8 independent
rank-1 modes to form the embedding e;.

Reported validation losses are computed as the mean over
the last 10% of training steps to reduce batch noise. All
Dense-Leviathan paired models are evaluated at identical
token counts.

5. Scaling Exponents and Efficiency Frontiers

In order to investigate potential structural advantages of
Leviathan, its performance is mapped onto the empirical
power-law fits of the dense baselines. Models are evaluated
at their 20 x N-token convergence frontiers. Power laws of
the form £L(N) = AN~“ + b for parameter efficiency and
L(D) = BD~? +b are fit to the four dense models of either
regime. The irreducible loss term b is taken as 1.69. This
is all standard practice as of (Hoffmann et al., 2022), but it
is notable that different tokenizers and datasets were used.
Be that as it may, 1.69 serves as a conservative and widely
used reference value that anchors the analysis to established
scaling practice. Critically, the following conclusions are
robust to reasonable variation in b. Finally, it is worth noting
that these fits are only reliably descriptive within the narrow
SLM regime studied.
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5.1. The Iso-body Regime

Parameter Efficiency Across the entire evaluated scale,
Leviathan lies strictly below the dense frontier. This sug-
gests the improvement is not confined to a single operating
point and is, rather, systematic. As illustrated in the left
panel of Figure 7, Leviathan’s parameter-scaling exponent
of 0.47 is steeper than the tied-embedding baseline’s 0.38.
This would suggest that when Transformer backbone is held
fixed, Leviathan’s advantage widens with parameter count.
However, further testing at larger model sizes that span mul-
tiple orders of magnitude is required to validate this result.

Sample Efficiency Similarly, as seen in the right panel
of Figure 7, Leviathan demonstrates an increase in data-
scaling exponent from 0.39 in the dense baselines to 0.47.
This indicates that Leviathan extracts more benefit per every
additional token seen, even at a fixed architectural capacity.

Concretely, the recovered power laws are

Lbense(N) = 2000N %% 4 1.69, )
L eviathan (N) = 9800N %47 +1.69, 5)
Lpense(D) = 180D "% +1.69, (©6)
Lt eviathan (D) = 450D~ %47 4 1.69. (7

5.2. The Isoparametric Regime

Parameter Efficiency Under isoparametric control, as
can be observed in 8, both models continue to demonstrate
the expected power-law behavior. In this regime, as can be
seen in the left panel of Figure 8 the parameter-scaling expo-
nents are similar (0.26 Leviathan vs 0.29 dense) suggesting
that both architectures scale comparably with respect to
parameter count. It is notable, however, that Leviathan’s
component is somewhat smaller. In the tested domain,
Leviathan’s substantially smaller prefactor (166 compared
to 360 for the dense baselines) allows it to remain Pareto
dominant. Whether this advantage is maintained for larger
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Figure 7. Scaling law fits for the Dense and Leviathan models
under iso-body control. (Left) The parameter-efficient frontier:
validation loss as a function of total model parameters. (Right) The
data-efficient frontier: validation loss as a function of tokens seen.
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Figure 8. Scaling law fits for the Dense and Leviathan models
under isoparametric control. (Left) The parameter-efficient frontier:
validation loss as a function of total model parameters. (Right) The
data-efficient frontier: validation loss as a function of tokens seen.

models, or whether there is a crossover requires further
validation work.

Sample Efficiency A near-identical pattern is observed
in the data-efficient front, the right panel of Figure 8. The
recovered data-scaling exponents in this regime are 0.26 for
Leviathan, 0.29 for the dense baselines. A smaller Leviathan
prefactor again explains the Pareto dominance observed
over this domain. This suggests the principal benefit in this
regime derives from a superior prefactor rather than altered
scaling exponents.

Explicitly, the recovered power laws are

Lbense(N) = 360N "% +1.69, 8)
Lleviathan (V) = 166N 926 + 1,69, ©)
LDense(D) = 52D7%2% 4 1.69, (10)
LLeviathan(D) = 31D~ %20 +1.69. (11)

6. Discussion

Implications for Long-Context Modeling The pursuit
of long-context capabilities has predominantly focused on
ways of reducing the quadratic cost of the Attention mecha-
nism. One may identify a secondary avenue, the trade-off
between sequence length and vocabulary density. Typically,
wisely managing a parameter budget necessitates a “small”
vocabulary, forcing the tokenizer to decompose semantic
units into multiple sub-tokens. This inflates the sequence
length Ny.q and exacerbates the O(NZ,,) Attention cost.
By, in effect, decoupling vocabulary cardinality from para-
metric cost, Leviathan takes a stride towards resolving this
problem. It enables the use of high-density tokenizers, per-
haps far beyond typical, without the usual “vocabulary tax”.
Simply, Leviathan provides a mitigation to quadratic Atten-
tion scaling by enabling shorter sequences carrying no less
information, for a negligible increase in parameters.
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Implications for World Models This architectural shift is
particularly potent in the rising area of omni-modal “World
Models”. Such models might ingest continuous, high-
entropy signals such as video patches, audio waveforms
(Borsos et al., 2023) or even scalar streams (Reed et al.,
2022). Current approaches force these signals into discrete,
finite lookup tables resulting in quantization noise and large
vocabularies (LeCun & Courant, 2022). Whilst Leviathan
relies on a tokenizer to map signals to discrete indices the
generator treats these indices as points on a smooth surface,
“coordinate quantization”. This allows the tokenization layer
to be purely geometric, mapping similar signals to adjacent
coordinates with the generator handling interpolation. This
is a mitigation of the lookup nature of standard quantization,
offering an approximation to continuous signals whilst also
scaling favorably with vocabulary size.

Arbitrary Tokenizer Topology Leviathan assigns each
token a coordinate via a deterministic modular-arithmetic
mapping of its index. Tokens that are adjacent in coordinate
space thus need not be linguistically related. Therefore, the
generator is forced to “undo” this local-but-not-semantic
structure. That Leviathan remains robust to this choice and
achieves a gain across all scales tested suggests the generator
manages exactly that. Nonetheless, an exploration of alter-
native coordinate constructions such data-driven tokenizers
or learned coordinate embeddings represents a promising
direction for future work.

Computational Trade-offs Leviathan introduces addi-
tional computational overhead relative to standard embed-
ding lookup. In the iso-body regime, a training through-
put reduction of 51% at 60M parameters, decreasing to
23% at 410M is observed. As shown in Figure 7, how-
ever, Leviathan achieves equivalent loss having seen roughly
1.7x fewer tokens at the 400M scale. Since this gain in sam-
ple efficiency is greater than the overhead (1.3x at 23%),
Leviathan is faster to train to a given loss.

Furthermore, this slowdown is not primarily through an
increase in FLOPs, rather due to implementation-level ef-
fects. The current generator module relies on scatter-heavy
operations that are not as well-optimized on modern accel-
erators as dense matrix operations. This cost is potentially
a systems issue rather than an inherent architectural limita-
tion, allowing for speedups from a more optimized, perhaps
kernel-level, implementation.

In the isoparametric regime, models are intentionally made
deeper to preserve parity. The resulting throughput reduc-
tion (48%-71%, but decreasing with scale) is largely at-
tributable to increased depth - inherently serial - than to
Leviathan itself. This decision is experimental control de-
signed to isolate architectural effects, not a deployment
recommendation. In practice, parameters would be bet-

ter reallocated in a combination of width and depth. In
fact, Leviathan’s parameter-light generator module would
be more amenable to a width increase. Further investigation
in this regard is warranted.

7. Conclusion

This work introduced Leviathan, a Transformer-based ar-
chitecture adopting a Separable Neural Architecture (SNA)-
based “generator” module for coordinate quantization of
text. Empirical analysis of Leviathan compared to dense
baseline established two key findings. Firstly, Transformer
hyperparameters (hidden dimension, layer count, number
of Attention heads) are held fixed, and the dense baseline is
taken with tied embeddings. Under this control, Leviathan
is Pareto dominant; for a given parameter count Leviathan
achieves a better loss over the tested domain. This result
validated that the generator offers superior representational
capacity than a tied input embedding ceteris paribus.

Secondly, in replacing the standard discrete embedding ma-
trix of a Dense baseline with generator, Leviathan demon-
strated that Small Language Models (SLMs) can reclaim
up to 150% of their parameter budget. Under strict
isopara-metric control, Leviathan enables a “depth
dividend” to be reinvested into its reasoning layers. Across
the four model

sizes tested, this manifested from 2.3 — 8.7x more depth for
the same number of parameters. The benefit of this paramet-

ric reallocation was borne out in the results, with Leviathan
achieving validation losses that an empirically fitted scal-

ing law predicts models 1.47 — 2.11x larger would achieve.
This suggests that prevailing scaling laws for SLMs are ar-

tificially constrained by the inefficient parameterization of
the input layer.

Finally, note that the continuous nature of the generator
suggests a theoretical pathway towards dynamic vocabulary
adaptation. This would, in principle, be a generative surface
onto which unseen tokens could be interpolated solely via
tokenizer updates. This offers a potential avenue for fu-
ture research into open-vocabulary models that “understand”
new tokens without full retraining. Immediate future work
will focus on optimizing the generator to reduce training
overhead, as well as extension to multi-modal data, VLMs
and World Models.
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A. Universal Approximation of the Leviathan Generator

This appendix formalizes the claim made in Section 3.1 that the generator is a universal approximator over continuous
functions.

Theorem A.1 (Universal Approximation of CP-Separable Neural Architectures). Let 2 = [0, 1]%. The class of separable
functions A is dense in C(§2) with respect to the uniform norm || - || o

Proof. For each coordinate i € {1,...,d}, let
U9 =span{o{)(z) : a € {1,...,r},z € [0,1]} (12)

be a function space dense on C/([0,1]). Let U®) = alg(U") be the univariate algebra generated by U®), with 1 € U,
Further, define the set

3

d
A = [Tel @) :adl? ev® renN?. (13)
j=1 i=1
This is the separable model with rank r and k& = d. Pick arbitrary f, g € A such that

r d

HOEDSE | B e ZHB z;) (14)

j=1 i=1 k=1 i=1
with o\, 85" € U®). Then,

d d
[Ted @)+ ] ) (15)
k=1

i=1 i=1

f(@) +9(x)

I 1
HE&

a:z where %(i) cU®, (16)

Therefore f + g € A, confirming closure under addition. Take an arbitrary element f € A4 as before, and multiply by an
arbitrary scalar A € R so

d

r d
2) =Y A[[el @) =[] @), (17)
j=1 =1

j=li=1

<

with d;l) = )\ag-l), all else unchanged. Since U® is a vector space, )\ag-l) e UMD, thus Af € A and A is closed under
scalar multiplication. It has been shown that A is closed under addition and scalar multiplication, and is therefore a vector
space. Pick f, g € A as before. Then, their product is

r d s d
(f9)(x) = Z [Tof" @) ( B;i”(%)) , (18)

k=1 i=1
s d

=SS TR @), A% = ol (@8 (). (19)

j=1k=1i=1
Recall U = alg(U?) is an unital algebra and so it follows by definition that ’y(z) € U, Therefore, (fg)(z) € A, and A
is an algebra: closed under multiplication. Since 1 € U, it follows that A is a unital algebra.

Take two distinct points z,y € [0,1]%, = = (21,...,24), ¥ = (Y1,...,Ya), With 2; # y; for at least one i = 1,...,d.
Now, because U(") is dense on C([0,1]),3 v € U® with u(x;) # u(y;) for any z; # y;. Then the separable function
f(2) = u(z;) € Aand satisfies f(z) # f(y). Therefore, A separates points.
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Any unital subalgebra on C(]0,1]?) that separates points is itself dense on C([0,1]%), given that [0,1]¢ is a compact
Hausdorff space. This follows from Stone-Weierstrass. Indeed, A is dense on C([0, 1]%); for a given f* € C([0, 1]¢) and
any € > 0, density yields f € A such that

1f* = flls <e. (20)

By definition of A, f is a finite sum of products. Therefore, there exists r and functions {gf)gi)} such that

r d
sup | f*(2) = Y [[ ¢} (@) <e, @1
z€[0,1]¢ j=1i=1
which is the desired universal approximation statement. [

B. Implementation Details

All models were trained on a single NVIDIA H200 GPU with 141GB VRAM in JAX/Flax.

Generator Configuration The Leviathan generator utilizes a seed dimension dg..q = 128. The B-spline basis expansion
employs a grid of £ = 32 knots with quadratic B-splines. The aggregation layer sums over M = 8 rank-1 separable modes.
The coordinate mapping uses a base b = [V1/3] = 59.

Optimization The AdamW optimizer is utilized with 8; = 0.9, 32 = 0.999,¢ = 1x 1078, and no weight decay. The
learning rate follows a cosine decay schedule with a linear warmup of 1000 steps starting from a minimum learning rate of
1x1075. Peak learning rates were set to 3 x 10~ for all besides the 109M-class and 421M-class models for which they
were 6x10~% and 2x 1074, respectively. In the iso-body regime, the 60-, 138-, 270- and 410-M models were trained for 75,
170, 330 and 500 thousand steps, respectively. In the isoparametric regime, the 109-, 173-, 238- and 421-M models were
trained for 135, 210, 294 and 515 thousand steps, respectively.

Batching and Gradient Accumulation To manage memory constraints while maintaining a large effective batch size,
gradient accumulation was employed across 16 physical steps. The physical batch was 32 sequences per step, with a
sequence length of 512 tokens. Thus the number of tokens per physical step was 16,384; this is the resolution of the training
logs. The logical batch size was 512 sequences (physical batch accumulated over 16 steps). Therefore, every gradient update
took 5122 = 262, 144 tokens.

C. Learning Curves

The complete optimization trajectories for all model configurations are presented here. Figure 9 displays the validation loss
profiles for the iso-body regime, whilst Figure 10 illustrates the isoparametric comparisons. In both settings, Leviathan
generally outperforms the dense baselines, with the performance gap often widening as training progresses.

13



A Separable Architecture for Continuous Token Representation in Language Models

5 60M Scale 138M Scale
@ —— Dense @5
S5 —— Leviathan | §
S Sy
S 4 S
S g,
: 2 4 0 2 4
Tokens Seen, B Tokens Seen, B
270M Scale 410M Scale
w5 «» 91
n [7)]
S S
54 54
g g
S 3 g3
0 2 4 0.0 25 5.0 7.5

Tokens Seen, B

Tokens Seen, B

Figure 9. The iso-body learning curves; tracking validation loss as the models see more tokens.
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Figure 10. The iso-parametric learning curves; tracking validation loss as the models see more tokens.
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